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Block 19.

by resistive dissipation. Some of the principal physics issues associated with
these concepts are addressed, including the assumptions and limitations of the
ideal MHD model, the magnitude and scaling of classical and anomalous transport
losses and of radiation losses in hydrogen plasma during transit of plasma through
the nozzle, and the transport-related detachment problem of how the plasma leaves
the exit region of the nozzle. Moreover, a formalism is developed for treating
the steady, axisymmetric MHD nozzle. Moreover, a formalism is developed for
treating the steady, axisymmetric MHD flow of ideal through the nozzle; and a
finite element code based upon the formalism is constructed with the capability
to adapt a body-fitted coordinate system to arbitrary nozzle shapes. This code
is validated by detailed comparison with experiment, and it provides benchmark
results to which the results of other codes can be compared. Finally, the
limitations of the present computational approach are pointed out, suggestions
for further work free of these limitations are made, and an attempt to acquire
and apply an independent 2-D MHD initial-value code is described.

We conclude with the Impression that the use of plasmas for space vehicle
propulsion is a natural and interesting application of plasmas that well deserves
further study.
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FORWARD

This report is an account of resei ch undertaken to describe the steady, axisyniunetric
flow of plasmas through rocket iiozzlei,, with attention directed to the use of magnetic fields
for guiding or propelling the p~lasmnas. Thle primary emp~hasis is onl simply connected nozzles
containing strictly longitudinlal (B,, (1, B.) magnetic fields to guide the plasma, with
secondary consideration given to annular nozzles containing strictly azimuthal (0, Be, 0)
nmagnetic fields topropel the plasmia. Tile possibility and desirability oftsn oplma
in a rep~etitive pulsed niode is discussed, and motivates our consideration of an extensive
range of parameters. Although slightly ionized gaUses having low temperatures (a fraction
of anl W) and low magnetic Reynolds numbers often are the objects of valid and useful
research (for examlple, in connection with NIP) generators, with MPD thrusters, and
with arc heaters to provide sources of hiot gas for expanding gas-dynamic flow fields), we
have chosen to focuts upon the effective and eflkknt. iinteraction of stibstant ial plasmas with
guiding or driving miagnetic fields. rhls, we focuis primarily Oil highly ionized plasmas that
are not dominated 1y resistive dissipation. Somec of the principal physics issutes associated
with these concepts are addressed, including the assiuptions and limitations of thle ideal
Mill) model, the magnituide and scaling of elwsival and anolouls tranisport losses aid
of rliatimi losses in hydrogeni plasmia durwing transit of pisma throuigh thle nozzle; anid
tile transport-related detachmnent problem1 of how thle plasima leaves thle exit region of thle
nozzle. Moreover, 'a formlisil is developed fox, treating the steady, axisymmetic MI-1
-flow of ideal lplasuilf through tile nozzle; and a finite elentent code hased ip 'oi thle formalism
is conlstnictel Willh thle Capability to adalpt a body-fitted coordirite systeil to arbitrary,
iiotzle shmape"'. This code is volidated by detailedl compmrison withI experiment, and( it

% ods benchmark restilts to Whdich fto-ide resuilt s of othber Codes van be comopared. Vitially,
th li hinitios of file Present. Conmiptatiolial approach are pointed o0t4. Suggestions fur
foirl ]let.work free of thlese limlit atiolls are. 111,34h, RIO it-it'atte'mmmpt to. acquite a114 apply an:
imdemdeut 2-1) Mill) iti.al-vtile code is des iilwd.

%Ve Ceitile wvit It t he_ i mmpreSioll thait t lie. 110f1 plastis foi- Space Vehicle p lsPialW&.,
is a mta Wid iiterestilig appjlicotionk of plumms. that. wVe dvcserves uth~suy
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EXECUTIVE SUMMARY

The thrust of a conventional rocket engine is obtained by allowing a gas under pressure
to be expelled through a nozzle. By operating at. higher temperatures to gain more specific
impulse and concomitantly a bigger payload mass fraction, the propulsive gas ultimately
becomes partially or fully ionized, and one is then led to consider the flow of plasma

* "through a nozzle (plasma propulsion). In such a scheme, the presence of a properly shaped
longitudinal magnetic guide field can serve to confine the plasma pressure in the transverse
direction, aus well as to reduce the cross-field transport. of charged particles and thermal
energy to the surrounding walls. We shall refer to this configuration as a "meridional
magnetic nozzle," atnd this concept is the primary focus of this report. In another scheme
of interest, which is the basis of coaxial plasma gmns and M P1 thrusters, it. is possible to
accelerate plasnla through the nozzle by primarily using internal magnetic forces derived
from transverse magnetic fields rather than, u, ig thiermal energy. We shall refer to the
latter scheme as the %zimuthal magnetic nozzle."

hi more detail, rocket. missious may be characterized (regardless of the mass of the
space vehicle) by the velocity increments of the vehicle that. a'e required to attain the
necessary mission orbits, or to trausfer front one orbit to another. The rocket momentum
balance ctqulatioti then shows t hat. ini order to realize a sigitificant mass payload fractioml, tfle
exhauist velocity of the propiulsive gas relative to the vehicle, I' , calmot be too nuich smaller
than the required vehicle velocity increlluits. Onl the goal of efficient,

iengine performnilce (hIigh thrust per mnit power) dicates that the filel exhaust velocity
not he umieesstuily louge either. Thi,se two basic goals, hIigh-ntass-payload fractioll and
01.1601 utilization of eugille power'. tenld to dewille it h'sirable window of-operation fo.
the exhait@ velocitis (sometite"s characterizd in termus o spv:ific impllse), This, in "
t...- htCrells to deteurnine flie reAt ive lierits of vamis ) prolmsed rockot fuel..sand aiovirted.
ystens. sNuce the veloc'ity ilcvemeuits, fw near-terill solar syste ilt mss (iuear- " l d"

terrestrial .plauet 41114 it-s ut allyl fall 'i he ate~ f tiJ t toiO 1 c/s, (de.1 diXug.
--pta rtly pon the flexibility d-iref ill he vil" .Ok Id tIuItimg o tr ausfer orbits) one i .,d to

co~i~r euprtws th. u de NAttit 40ion of nlto Im'vevl jVrng llytiv gpnk).
A. excelletit syte atltic and dtild aecotnlt of the orbits. aud vtlocity increments o:
i.terest nutty hefound in T,....... .... .. -uiie by Ardi , 1,oy; Maeuilh,-:
NN ( T19 J emperatu'e. .tis -eage cal l vwreslmis to iguuifnlt'mt ioui:utiou hutti 1o
..d • ouui ntalv ysiftul -e tr'al IoVndtelvilty of the pnoullsive gts, to th. .ointwhere

..-. * - the eo rtlfl 4f untgm, tih frce eitlher gttiding or ~nproiliuug lasmasuLI lexouut oft , h.cst.it " ....

.-rket I) poilfioli. FIially, if the Coufitiouvfl Iis Winoked 41$ dllihig the least , u lti."t'oreugt -igle iof l~a pyt's,.siv~' Is fe"Wible.
ield streth for which sigileailut uignet 6 eouuhilitt of p a .

". ... .where " s the ratio of litte 'tin1l plasm pressure to extenal .ntagneti tnresuIn') 4 tlu '...-:.- : ...•-as addithi tl atkotnship uttuuig the t asit . mucers is iprov0ide., Thuls i.•uwte ut' Ibeft./
aprov to be mvikvant i&1uA aziunutlha u*.,s alto wsce Ap ue, .,

It l -4i: IS i le, il prilt iplte, I, i lher improve l le sifttulinn destir lw ah ve , ith I
1'gam'd to efhltiela!tfuel lluaAS utitiuioion nd l utl,-ualnelie ild ituaion. by goio• ... e"" ."ar i ivelml 4-,,piwer itlppr1411 tl emupts .very hit ii atluns |l ,,I,¢ls 4e"V iui.steaxd. '

of a few eV), .This would hae to be. itauiagistl without greatly itreasing the Iiw aver It
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and the repetitive-pulsed burn approaches is made in Appendix C. From this point of
view, hot plasmas remain interesting candidates for vehicle propulsion. This motivates us
to inchde temperatures in the 100 eV range, as well as in the I eV range, in the survey of
Chapt.er 1.

In cotit.rast., chemically driven rocket exhausts are operating at, their tipper limits
of capability for the needed range of velocity increments, just because of the reiatively
modest amount of energy per atom available front chemical bonds. Consequently, such
conventional schemes sometimes attain the required velocity increments by stages, with
attendant mass penalties exacted on the payloads.

(It need not be invariably the case that higher specific impulse (lp) is desirable as
described above. Tile actual requirements will depend jointly upon the scheduling details
of a particular mission, and upon the engine-inass-p~ower-utilization figure of merit. If, for
example, a very high acceleration maneuver is called for during a transient phase of the
mission, then a lower specific impulse will better serve the purpose during that phase of
tie mission, for a given figure of merit of this kind. Thus, if tile figure of merit is taken to
have a valte of N megawatts per tonne, then. the instaitaeous vehicle acceleration may

e expressed as

Acceleration [? N x 2001[*] A o ' "

where 1.P - 'q, where MR1,, vir is the instaltnous Illmss of the engille utilized for this
b lselse of the mission (including fuel), -and AMoI,, is the total instantaneous mass of the

vehice. Thitus, the vehicle acceleration is waxinized by mewis of a s iwhI sp ,ific imtpulse
Coupleld with. a high fuel mass loss rate.)

lit this report, the plasma flow throulgh ,_isy nie'tric milgiletic- llez Conhgurat 1"

is (o1lsidered, Configituations outtilhing eit her externudly gepterated t meridioalo W nwgetic
. fields or zinuthal maiguetic • fieds are discussd, bl t the former receives the primary
S c:.".4i% ihask i this. report. A mixed configiation .oitinitg Ioth tylie of magletim fields
... " i" " lo sibe il'iso adlvwitages and-.disadv.witiages, but is not discusse in this

N .dttnikt.juskikrutio)u ls ~ve l hereo the producttion or sistaimuelt of the heated
1Ist-i Mn th r wcOval thit fmeil the ueidlioml nozzle ilet , no of the optimlheatig ""

fi. entio t oheljro!lenio6produtit & d'sistctii4 tof tht low

Of ijwil.lu t huogilh tile nuz. (jout plaitu heating i,: tle azilmthal .ozzle is cwiider.d.-
.. . -. Appetidi.es I) and L .

- :":"" .ii ha t I scoplig Stdy is retwited Whi140 . crilks C(ttohitdtlis r wil'h
" he ilasok. itoizzle 41OW .hi)t I be ttjijroxiiaat.., r ..rded . :at tIM aauetoyddyini"
(llf).) Iwes. TiW 11rif of view s mliatd by the g( l off 4& tiv aitt lh0it

" ' -itilo e .t f the- giidiu mr drivhing luegteie fiels ading pult -ll*U1l t141:1 t h lslasiA "
" The deviaIioils frot ideal MI) are wn iat,, with tvalstuiort and radlati, I h sr"o - "

S:.- :. .whii rough etitate aregivf, ohludiug th, power ods- ou 1ie walls of t e .
S:This im .tpiuN thi ,a. fo r .itier!i th.plt rptOse o which is to decri3- the -y.atid I

': .- uitsoft h11 iWeal Iiodel (11o tia4lsri losses. no radiative loi ns o , istiiity, to lailt..
ri t ill tile pla' 'Ila) ill order tI eutaihshi a pettpeCtive tro'l WhiCh4 tt view awd mewttv

I " : t he eitects of the iut.idei ,esss .lh idAl Mii sit-ttion -is of iterest ill itself
--va" It .•--'todr l ! Iaoa SUete itgitWa ihet the-ca¢rgdicaof I w a '¢ tko at.e 4:
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all dominated by loss processes, and the plasmva medium is efficiently utilized.
Some important results of the scoping study may be stated briefly as follows. A wide

* choice of plasma parameters is laid out. for study, with ion number denlsities ranging from
1i1 cm.-3 to 1019 cm - 3 , and plasma temperatures ranging from 1 eV to 100 eV (with
occasional commnents for 1 el'). For these densities and temperatures, the magnetic fieldI
is determined by our choice of the j3 = 1 condition, so as to provide the least magnetic field
for which transverse plasma confinement by maguetic pressure is sensible. A table is set
up, which provides the thermal pressures, thrust pressures, and thrust power densities for
all of these cases, and which proves useful for fliture reference. For this set of parameters, it
is then shown that the plasma unay reasonably be regarded as fully ionized. The validity of
the fluid-plasma model is thet shown to rest upon filie s"mallness of the Coulomb tlnet.it-ft'ee
pal h A and of the ion gy:u-radius rCi ini comparison with nozzle dimensions. A table of
values of A and I., is laid out. for reference. A c'liIion for nleglecting the Hall effect, in t-he
ideal MIffD description of axisymimetric nozzle flow is then found to be that the ion gyro.
radius should be small compared to nozzle dinewvSions, for both types of nozzles. (Hlowever,
if there exists a low-beta region in I lie azinithial nozole, tile condition for neglecting t he
Ilall effect is found to be the sutillness of the ion, si ,pdepth, c/we,, Conltlmred to nozzle
diane~nsiotis,) "

We the go on to collsider I0IWs, heat, arid radiatiol los*ses from the plasttta while
it is flowhig throu!gh the arozzle. % o the exi t-It tlud thy orcm', such losses const-irtte.
MV ulsiraile iuefficieteutivs i% tie: 1tilizatioti of plstmas for vehicle propIlsion. Sih •losses•
also ut. he delt with on board t he vehicle, by fintdinlg beligul ways to ti i ize or to dispose
.t.- f tl. pw er disca'ded by tie Plasm, inlluding, if necessary, the prottNiOu of litureiats-
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to 1018 c7, 3 ). However, at. temperatures of 10 eV and above, classical transport allows
radial thermal fluxes of hundreds t~o thousands of MW/m,2 for ion densities exceeding
1017 cm 3 . (The standard plasma model remains reliable at much higher densities for
T > 10 eV.) Thus, although the fractional thermal losses from conduction or convection
are small at the higher temperatures, the absolute energy fluxes to the wall will be large,

and tay be cause for concern.
A possible source of non-classica-l transport. that. has received much attention in llasma

physics is called Bohim diffusion. When the electrons are magnetized (We > vei), a form .
of electrostatic turbulence in non-equilibrium plasmas can be generated and produces an
anomalous collision rate for electrons leading to a non-classical diffusion process across
the ambient magnetic field, Surprisingly, for all cases studied we found that Bolim losses
dominated classical in only three significant cases, namely n = 10'5, 101'6 and 1017 cm - 3 ,

- all for T = 100 eV, producing thermal fluxes of 6.7, 21, and 67 MW/m.2 respectively.
In all cases, the Bohm Reynolds numbers were much larger than unity, signifying small

-fractional losses.
With regard. to radiation losses, the nature of the losses depends upon whether the

plasma i. optically thin or optically thick. In all but two of our standard cases (at I eV), the
plasina may be regarded as optically thin. Moreover, bremsstrahhlmg rather than cyclotron
radiation proves to be the primary form of radiant energy loss. We note that this form of
energy loss depends upon an integral over the plasma volune, and therefore is not sensitive
to adjutstments of the plasma profile (for given bulk densities and temperatures). On the
other hand, the possibility is suggested for exerting edge control on optically thick plasmas.

For general diffuse profiles, it is found that the optically thin brenusstrahltng wall
loading in a chamber of-i meter radius exceeds the wall loading from classical transport
for temperatures equal to or larger than 10 eV and densities equal to or larger than
.1016 cm 3 . The bremsstrahlug wall loading is also competitive with or larger than the
dominant Bohm thernmal fluxes for n tl 106 c, - 3 for 7' = 100 cV. These radiation wall
loads can exceed hundreds, or tens of thousands of megawatts per square meter at the
higher densities considered here (n - 1017 - l01 cmra'-3). l.lowever, it is hmportant to
note that the plasma propulsion scheme itself becomes (juestionable at. such lUigh ldeilsities
because the fraction of initial therma.l energy lost. to radiation by it given elemeut of pla.sm'a
during its transit through the niozle becomes large.

With regard to convective transport losses induced by nonlinear dynamical processe s
occurring over macroscopic distances, it was tioted that. there is as yet no generally
accept ed, definitive model of turlmlent plasma flow through magnetic" nozzles il which
the plasma beta is of order unity and the amngnet' Reynolds untnbe' is larger thala

-- unity. This is in contrast to the sittuatio ill coilIpressile fluid dynmices wheroill a set d
sophisticated selii-emlpiriall models has been built. t illn connjtncittit with experieimt; to

- - provide practical models of bounidary-utyer flow and lnozze flow. Although we ar atlWre Of
p i'.gress in this direction for plasmas of small mnagmet it- Reynmolds nhtube' and Smlunl hot at

.. vhues ( < 4 ), we have chosenl not to (onsi(er this priutnter regimeli hit instead ih t) fls :
upotl signili'at. Reynolds niunhe'rs a1d betI values tit relhet the ,licient i tern4 tiot
substantial (hot) plastilas with the guiding or driving getiiels.

Withi this ,:ontext, we iot-ed that. highly conductiig pl fasml=s Alo nIost vihut rabll
to t, hose dymmnical processes that. aVoi( the eidi g of magnetic field hI l. ie'mlile ..
of such processes il the meridionial nIlagnetic 11ozzle dre the Wkylvghh-l.Tyv hi'sto.,bit,
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with wave vectors in the azimutthal direction, and the Kelvi -Hlenholtz instability, also
with, wave vectors in the azimuithal direction. The former instability cani be driven bY hadl
magnetic curvature in the nozzle entrance region, and the latter b~y the shear in the E x B
velocity field that arises natur-ally in thie plasina-wall sheath. (Note that the niagnetized
sheath is much thicker than time Debye length.) Neither of these instabilities relies for its
exist~ence u1ponl the presence of axial flow through the mneridional nozzle. Ini contrast, InI

*the azimuthal magnetic nozzle both of these instabilities can exist with ~wave vectors Ii
* the axial direction without bending the mnagnietic Field lines, and one wouldl then expect

fundamental interactions of these instabilities with the axial flow field. Ini this report,
our detailed discussion is limuitedi to these convective transport processes in the meridional
magnetic nozzle. The inifluence of these processes on thme operation of the azimuthalinozzlec
'configuration is a subject that is strongly recommended for future research.

A quasihinear inixinglength model is comstructed so as to p~rovide estirniaAes of
"equiivalent" axisyminetric convective transp~ort arising from outward fluting of the ouiter

* ~plasma surface (since sharply b~ounded p~lasmias are subject to the most rapidly growing
B ayleigh-Taylor modes). Vkrioiis estimates of thl e boundary layer thickness are mr' ae,

* resulting in heat Ilimes that. are completitive with (or even stronger than) radiation wall
flulxes, at tem peratu tres inl the rauge of 10 -i-00 07 anid densities ill the ranlge of

Thie plasnia-sheath indticed lKelviiu-lmholtz ttiuhulemice has b~een modeled inl a recent
21) full particle siumdatiomi by Timeillbaber and B~irdsall. Thle Kelviin-Hlhuxoltz Vortices
al)I~aremt-ly (1o not. Conitribuite directly to cross-field plasmla transport, buit instead are seenl
to (iCsead to Shorti wavelenglts WhiUch tiltii~teiy lrodice Bo1lm) (Iiifliil of electrions.
(Thle ions mu11st. follow, by (tii-eli.ITak.) le at facee valite, these simulatins predict
trSimspoI't thid scaleg wrny simuldl~y to tile tkayteigll-1aYlor induced tranlsport described
ab~ove, Nit i6 abutit One order of 1mmgiitue smiller, However, we mulst. roimmmibem' that
time 811u1tlmtiulrnmf were rathier im wI'Iist ., 1111d thlat Str'onger' tralksjport maty yet
Conmo Out of a iinor.rettdistic Siimmmdiium1 of 1EXlVitt- Helmhmoltz turlmmleimce ill thle uIlaguetiipud
jadsuli, sheathi.

Thie lummwr 11A Wilc 1)hmslm exits thle nozzle appear's to be a Critical issme reQ(mii1
firthIem' st udy. For thme in-rimeiumdeuzk p1 smma conistrained to axinymmmwetric flow will
expentmllwe it rt-sitivv drag ms it tries to ailydetti itself firont tile rudinlly divrging
.11111110 ir fi!el lines. This drag will b~e Iransim ted to thme vehicle throtigh 4:1jo magnefie
field e'uiltl, Ae m l is lt- "dctmwlmnment pro emi.," Stich un elfect vellid he prevented if,
thle dowinstream eietm'oll tempwrat re drop predieted :by tile Sinmple 11mdel of lsentaropie

flowwereSIIIfieidm to 11 ruictivally dieouple thle. plavmi frn heinecli kd. 1ktwevr
01 let pllhtl .thetrma(mmu Ant ioln wi, iul d to voltrit mtim I lwl~ iait I litji&tt
drillitid itascmit t14 utsa mwtcec 1mtetruMlim provss. 'fiest' two Counter.
* imet ig effed (hwlm il e possibility of elect roo~u tia o) iomdb tde

(pul lt it Oively With i a'4.% mtkmmmdedII~i 4mmlmioi.I eItt Vmame
Pa. )klk'l I hermual 4,0onduleiom W;1s foiuud. t) lie a problmil tov-0dt det mitiptz belvtw I 1 em:
amil finte to V r-ane for all demmlsiti", below to' rm' I. it. is, imnporif to imhd

t~1let whim mmod il te proiI 'tunu let- of tllme nwmridilmml iloa4t' r iiuain Moreovr

mmo~mmdsymm tl ects mfiiy hev iumplnt ill4~iiim h~pam ~t time trl



and should be studied with a 3-D resistive MHD simulation. An approximate estimiate;::
of the resistive drag of the fields on the plasnin for axisymmietric steady flow is made

2in Chap. 1. The preliminary conclusion is that the resistive drag force is practically
always of the samne order as the ideal thrutst (for magnetic Reynold's mnmbers larger than:.
unity), and is therefore a critical issute that mutst be addressed, If nozzle input conditions
couild -he arranged to have either a field-free plasmna core contained byanl external ki"yer of
Magnetic field, or ail internal 1lasmuid sep~arated fromn the external magnetic guide field
by a. magnetic separatr-ix, then thle necessity to deal with the detachment problem canl be
obviated.

In the case of the azimuthal magnetic nozzle, a related inefficiency mlay occur in
the exit flow. If the exiting lplasnia remains highly conducting, it illay convect azimuthal

-magnetic field, out into the exhaust. This is also a detachment problem and it.signifies"
watdmagnetic energy (ultimately dissipated as heat in the exhaust plasmia) that,~

-not contrilbutedl to momentum transfer. Again, the effect could be p)revented either, by ''a
sufficient.-ly vapid dowiistreani drop in the electron temperature or by arranigig.to have.,
tbli magnetic field become very small near the exit.

In Chapter 11, analytical and numerical procedures are developed for computing
ideal M1II) steady axisymmetric flows, for given input conditions at the reservoir-nozzle
transition. A code to carry out suich lproceclures has been developed by Marklin for
uWridional magnetic a ,and it performs a "dhirect method" search for the steady-

'Aow, in cont vas to anl "initial-value" approach. The latter would presimiably settle down
b the final -state by means of simutlated dissipative dynamical processes. The result of this

work Can 'Serve wvell as anl indlependlent checkc on limit-ing cases of mor'e general simutlationls
4ti Me- dep('i iet, with azimuthial and meridional magnetic fields, with -non-uniformi input

-odiions, an withnonidea -U rleties). Marklin's code has beena successfully

yidated by it detailed comparMison With experimlentall observationlS Onl ordinlary nuOzzle
htjow, That Colaparison is presented in Chapter 11. Also inl Chapter Ii, tihe important
po.int is Ocln'demnonstrmated that ill order to properly mnodel the ideal M1lD physics of
7_11le to me tueia m1"iozz nozzle, it is essential to include the transition from the lplasilla-

MWerVt~ir t hnozeentranice.
_11 lefst hialf of ovir one-year Contract per-iod (at a level of 0.8 man-yeav's) wis u1sed

-1W i'rforming work described inl Chapter 1, aaad, as. so far dlescribed, inl Chiapter' 11. Tho
aerqd hatlf W. I tise'd MRI~ow.

BY Inwwr'cadly expeluneitimig (ill C(14 p. 11) withl at nu1,ulber of nmozzAle collfigiivatiolis
~e'iiugVarying dc-groes of mmanti-rsueblteof di ilse trallsverse pl as 11 na

pressure gradietits, the voncivlsioll Was gradtially arrived at, that thle "direct sluitin'
mtihod of steady magnietized flowv plemIC~s ill. general axisymmnmcetric geoilH 1 ry'

V i~t.~oilly d~elivate. Althouigh thle method works Well (ais Shownm in ( 'hap. 11
fo nii~ui iputcoimit~on-(imoplyinig wadl-Coliled Iplasim~ p)Iesstiwt' it vold lit, (1:

Ni~fully inodilied ill order to lianmdle the moure Kenieral case of t. rammvels(, TUugn1vt i

laiticiily is t hut ill magnetized nozzsle flowv With mulag -tially kcollilneu plaq~ m~iu
time44liptic anid hyperbolic flow m' giotis are Collfigurted ill a vownJ)HOIcutdAndam tt~t
'Imame, dtw to t he presencve of thll e Ohmracteristie sjwed iiild of just olkttljnIlyt irl

lode 4to sliphlc1113'dt timt' Ct111)UNIt-iolisrarried out for thie vase of wvall-mmninsed plata .hi

iiawiked flow, Chaup. U1 com les witlh a. Willimkuadytic. trivahtent, of Aoule' .flow ai'



mnagnetically-confined. plasma pressure using a sharp-boundary model. A nozzle "stuffing
condition" thereby is uncovered iii which too mutch magnetic flux can block the steady flow
of p~lasmla through the nozzle throat if the parameters are not properly chosen.

For the reasons just stated, einplokynielit of time-dependent (initial-valuie) simulations
was therefore deeined to be a superior computationial applroachl to the steady flow solution,
as well as p)roviding access to possible uni-steady features of MlID nozzle flow. A brief
comp~arative discussion of such considerations is provided in Chapter III.

Consonant with these conclusions, we spent considerable time and effort to acquire
and become familiar with the use of a time-depen dent, two-dimensional, axi-symmietric,
non-ideal MI-D simutl-ation. This simiflation includes dlissipative plasmna features such as
resistivity, viscosity, and thermnal conduction, aid also has provisinn for including the
Hall effect. It is most important to note that the configurationis anld b~oundary conditions
treatable by this code are not restricted, in lpriilciple, to straight cylindrical geometry, btt
instead can possess arlbitrary axi-syninetric shapes. Moreover, the code can treat free
boundaries, which would 1,e implortant in the simulations of flows sep~arated or confined
a-way from the wall by magnetic p~ressure. Thus this particular code is highly relevant to
the realistic p~lasmla propulsion problem. A brief descrip~tion of the code and an example
of its ability to simulate lplasmoid p~rop~agation is provided by G-lasser in Chapter IV.
However, neither suifficient time nor personnel were available within oitr allotted AFAL

*contract to properly modify and systematically app~ly this simulation so as to study
*systemiatically a variety of examples of tion-ideal MUfD nozzle flow. Our present opinioni

is that this p~articular simulation is no longer the best one to use, because it doea not take
pr'oper advantage of modern FORTRAN and Stipercomputer capabilities, ntaking the code
unnecessarily awkward to apply and tedios to modify. We b~elieve that it. now would be
best. to write a new code tailored specifically for the pin-l)oses of MI-ID nozzle flow.

Finally, Chap. V summarizes the contents of this report, mpares the various loss
p~rocesses, and mnakes recommaendationas for further work.



I. CONDITIONS FOR MAGNETIC NOZZLE FLOW AS AN IDEAL MHD

PROCESS, AND WALL LOADING FROM PLASMA LOSS PROCESSES

Introduction and Preliminary Parameter Survey

This chapter has the purpose of providing ant overview of the physics important for
steady plasma flow through magnetic nozzles. Two basic types of axisynimietric magnetic
configurations are discussed, those containing only meridional magnetic fields and those
containing only azimuthal magnetic fields.

Plasma nozzle flows for a large range of sample plasma parameters are considered
here, with temperatures T ranging from 1 eV (envisioned to be characteristic of steady-
state burns) to 100 eV (envisioned to be characteristic of repetitive pulsed burns). (Each
pulse of hot plasma is envisioned to achieve a state of steady flow during the pulse. Start-
up and termination transients are not considered here.) The magnetic field B'and the
plasma pressure P = 2nT (assuming equal electron and ion temperatures for -simplicity,
here) are assumed to be coupled by the condition = 1, where 3 = 2nT/(B/2pso) ideally
represents the ratio of internal plasma pressure to external magnetic pressure. (Sometime,
we shall simply employ a local beta.) The density n is taken to range froili 101 3 cm - 3.
to 1019 cm, except for an upper cut-off point (in the briefly considered 1' keV range)
determined jointly by the [3 = 1 condition and a (somewhat arbitrary) practical upper
limit of 30 Tesla imposed on the magnetic field strength. The corresponding magnetic
pressure is about 5000 atmospheres, which the magnetic coils would have to support under
tension. These sorts of field strengths are at the upper limits of presently envisioned future
tokamak experiments in magnetic fusion energy devices.

In addition, parameter values that invalidate the flttic--plasna model are flagged, and
are different for the meridional and azimuthal magnetic nozzles. Moreover, high densities
and low temperatures are flagged for which basic, conventional plasma physics assuntptions
are invalid. For all of these parameters, the quasineutrality assumption, In, - I < 74,
is valid because the Debye length, AD = ) is short compared to dimensions of
interest., and the electron and ion plasma periods w- /art. short compare-d
to times of interest.

* 1or each set of paraineters, a set of relevant Reynolds nunmbers and time scales
is evaluated for hydrogen plasma, leading to estimates of fractional energy losses, both
thermnal and radiative, and corresponding estimates of power densities loading the walls of
the no'zzle. In addition, tile thrust pressure and thrust power density are provided for each
case. Il tihe absence of generally accepted dehfitive models for turbulent Mill) boundary
layers, several l)rovisional models are utilized to estimate the thermal transport.

Filially, with regard to radiation losses over the range of parameters considered, it is
illportant to distiguilsh between optically thin and optically thick plasmas. The length
scale for which this distinction-is drawn hi this report is taken (somewhat arbitrarily)-as

In the following table, T ble 1,1, we present the magnetic field strengths and
magnetic pressures for J3 I plasmas, for a range of densities and temleratures assuned
to be ipresent in the throat, of the nozzle. Approximate formulas are also presented (in the
... qtasi 1) Daproximatiotl) for the corresponding thrtst pressure and thrust. power density,

both retfrretd to the area of the throat of the nozzle for convenience. For thlrnal throat

• - .8.
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pressures exceeding 10 psi, one sees that tremendous instantaneoms power densities are
involved. (Note that "thernmal pressitre" in the nozzle throat is distinct from "thrust
pressure" referred to the area of the throat.)

This is followed by Table 1.2, which presents valtes of "enA" for the same range of
densities and temperatures. When ,nA > I, conventional plasma theory can be used.
This is known as the "weakly coupled" plasma model, wherein the average Coulomlbic
interaction energy of a particle is small compared to its average (random) kinetic energy.
At high densities and low temperatures, this model breaks down and the plasma tends
to beconle "strongly coupled," describable only by nutch more complicated and less
understood models. Such cases will not be considered here, and are marked with "x"
in t.ie tables.

TABLE 1.2 Values of enA (Ref. 2)

T[el7] 1 10' 100 1000

n[cm - ] = 1013 8.45 11.9 14.95 17.25

1014 7.3 10.75 13.80 16.10

10ll 6,15 9.60 12.65 14.95

1016 5.00 8.45 11.50 13.80

1017 3.85 x  7.30- 10.35 12.65

1018 2.70 x 6.15 9.20 11.50

10 1.55 x 5.00-, 8.05 10.35

T < 5o ev : en.A 23.4 1.15 Iog + 3.45 1ooT
21> 50 el: CnA 25.3 - 1.15 10gn + 2.3 ioq9 T

A_.,N.gleqt pfC!Qha rgc.-NeitraL Islois.a nd_.Validity of the Fluid_Mdel

" lJI.'Jm ol~f Oiarge.-7eutid Colls ons. A partially ionized gas may, for
-some purposes, be regarded as fully ionized. To make this point, we shall exatnlue
elastic scattering cross sections and collision freqIencies for electrotns o neutral noniltomie
hydrogel comp)ared with those for electrons scat.ti img from hydrogen ionls. ('l'hroigholu .
this chal).er, only hydrogen hIulsnma is collsidere(d, both for simplicity and because huge'r

• !spccil1C imptilse is imore easily achieved with the less tmaassive ioms. Also, temjperaltures in-

10



the 1 eV to 103 eV range are considered, subject t~o the validity of the fluid-plasmna model
as mentioned above.)

Burke and Smith1 calculate thle scattering cross section of electrons onl neutral
hydrogen atoms at energies between I and 20 eV. Th~ey find the cross section OH ranges
from near I04cm'2 below 5eV dlown to near105cmabv e'.henandcos
section at lower energies is associated with thle "electron aflinity" of H1 wherein thle incident
electron is templorarily cap~turedl to p~roduce a meta-stable H - ion. At higher energies, the
scattering cross section is essentially geometrical (including the effect of the wave fuinction
of the incident electron in addition to the -"size" of the atom).

The mnomentum-tranisfer cross section for Coulomb scattering oi clectrons on hydrogen
Ions can be simply calculated from the characteristic length rei = (e IT) (in cgs units)
where T is the electron temperature in energy units. The distance of app~roach of tle
electron to the H+ ion, rei, is where the representative electron with kinetic energy T begins
to feel the Coulomb potentil of tile H+ ions and thus begins to have its orbit altered. The
scattering cross section is then estimated as &,i = -,T C -.A, wliere the Coulomb logarithm,
fnA, is appended to account for the cumulative effects of multiple small-angle scatterings. 2

For situations of interest in this rep~ort, (nA 2: 10, and the momientlum-transfer cross section
-for Coulomb scattering of electrons by H1+ ions becomes

2]~ 1 i-12
oai[cM. -I-0.64xTeV

For temperatures not greater than 10eV, we see that the cross-section for Coulomb
scattering dominates the cross-section for electron-neittral scattering.

Although this residlt is suiggestive, it is really necessary to compare the collision
frequencies for these two kinds of scattering, rather than the cross-sections. This
comparison is esp~ecially necessary for high tem perat tire plasmas, the particles of which have
small (Coulomb-scattering cross-sections. The C~oulomb collision frequency for momentum
transfer of electrons with ions cant be estimated approximately as

Vvei ;ZThNei VQ

where ni is the ion density and v,~ is the electron thermal velocity, (/3ln1s Vxr T  12

using "I"~ _ 1 X 10-2 gWr for the electron mass. .(A more accurate expr~ession for v.i 4~
'Used later in this chapter.12) Thus

Vel 1 : 3.6 x "'c?3

.(To clarify our notation, we emphasize that vq is hiere used t~o represent at momtitiii
tranSfer rate, SO that Vj;;1 (tO oeshi relpreseit the electron-ion energy equip)artitioii timeW.)

In order to estitnate the electron-neutral collision frequency arisig from eltustic
scattering, and to Compare it with the electron-ion omnm-rsfrcollision frequency,
we shaU needto know the degree of ionization. Assuming that the atomnic rates are fast



enough to maintain a local equilibrium state at each point in the flow field, we have from
Reif, Chapter 9,3-a

i/. T 3 /2

I ~no2rh 2 /

where n _ is the degree of ionization referred to the total density nH -7i = 710,

nj is the residual density of neutral inonatomic hydrogen, T is the local temperature in
energy units, and EO = 13.6eV is the ionization energy of hydrogen friom its ground state.
Also, h = h./27r where 11 is Plauck's constant, and m., is the mass of an electron.

(If the atomic rates are slow in comparison to the transit time of plasna through the
nozzle, it is better to think of this formula as describing the quasi-equilibrium reservoir
plasna. Then, this pre-nozzle ionization will tend to be maintained in the flow, and is
better described in the flow by non-equilibrium models-.)

The above relation can be conveniently rewritten as

- f(T)
nH ni

where f(T) = ( 32 topThus, for a specified ion density and temperature, the
ratio (ni/n,,) is known, and the equilibriun degree of ionization in hydrogen follows from

= (n/nn)/(1 + (nl/nH)). The degree of ionization is given in Table 1.3 for a large range
of densities and temperatures. One sees that the piasma is practically fully ionized in most
cases, except for those cases already ruled out as being beyond the scope of the standard
plasn)a model.

'The ratio of the electron-atom. collision frequency to the electron-iou collision
frequency can be written as

vel T? H O fl'Ve "If O'cJ

bVei ?Liac~ille 71~i ai

This ratio is listed in T1able 1.4, where we used nominal values, ame-= 10- 14 c,11 at,
T eV, 'n "0'. cm 2 for T>10 V. One sees that. the elect ron -atoia collision

--freqIency is always negligible for all cases within the scope of the model. Since, according
to hlef. (4), till is of the same order as (7q1, alld o'ij is of the game order as ree, one
sees that the ion-atom, collision freqttency is also negligible against the ion-ion collision
frequency.

We shall therefore neglect ioi-neiit ra! and electron-nieutral collisions ill this report.,
We nevertheless remark that, as the temlperAtture ill the )lasla decreases near a mterial
surface, the degree of ionization drops exponentially ( 2 is proportional to exl) (-eo/T))
so that charge-neutral collisions ought to become pjrolilneat in edge layers. Impurity ious
released from the wall will also contribute to the Coulomb-collisiomi rates of eltctiron and
hydrogen ionts ini edge layers, but these processes are not considered ill this report "

2-=. TheLjt.ations of ,lteFlitiidModIel. Continuing with our examimutiol ,It
the conditions required for invoking colvenient. idealizations of flowing -ias, we umW ask
-whell the ltlid model of such it plasm is valid. Quite generally, fluid Imodels are validated
by a. "localizing ef ct," the effect of which is that .a local -roup of particles retais -its

• : • : : : . .. , •1 2 . .



TABLE ..3 The Equilibrium Degree of Ionization
of Hydrogen Plasma

(In the tables, "n" represents the number density of ions.

T[eV] 1 10 100 1000

n[cm - 3 ] = 10 0.997 1.000 1.000 1.000

1014 0.974 1.000 1.000 1.000

1015 0.788 1.000 1.000 1.000

1016 0.271 1.000 1.000 1.000

1017 0.036 x 1.000 1.000 1.000

10 18  0.004 x 1.000 1.000 1.000

1019 0.0004' 0.9996 1.000 1.000

groujp identify during a dynamical time of interest, and is not dispersed by random kinetic
motions of the individual particles during this time. For an ordinary fluid composed of
particles having a collisional mean.-free path A, utindergoing a dynamical process having a
characteristic tinle scale , where L is a chrmacteristic niacroscopkc length and V is a typical

. macroscol)ic fluid velocity, one can easily show (invoking the diffusivity D = ,oth = \2V
where i'th is the thermal velocity of the particles anid v is the collision frequency of aa
average particle) that the dispersal time is long comtpared to A provided that k 1
(assuing that V is on the order of the thermal veluoity of the particles). Accordingly, we
list values of the electron meat-free path, \ = S, in Table 1.5 below (in Sec. I.B). The ion-
.. ean-free path will be about the sanie2 provided that the electron and ion temperatures -
are close. (hit this scopilig chapter, we asstme a single tenlper'-tire for siplicity.) Cases ii
which the aIean free path (along the meridional magnetic field) exci-eds 102 cm are flagged,
because the fluid model of the plasma flow through the meridional agnetic nozzle then
becomes suspect, and should I)e replaced with a kinetic model. Only case's accessible to a
fluid.tivattment will be considered in this report..

With regard to tile azimuthal magnetic aaozzle, a large 11au-free path along/J is maot-tr i if -Aiyn*i flo Ic ts B

)art.itcuhly signiicut or detrinental for the fltid niodel of a xtsyuitI flow because !
is ill tie igorable (azituthal) direction. Instead, the loc-liing agent relevallt to (r, :)
.fluid motions is the ion gyro-radius, r,i. (The symbol ?i historically stands for "io .
cyclotroa radius.". It is defiuted-y vr= a,/W'., where ap is the ion thernial velocity and-

13



TABLE 1.4 The equilibrium ratio of electron-atom collision frequency to
electron-ion collision frequency for hydrogen plasma.

(The electron-atom scattering cross-section was assigned
nominal values o-eH = -4cm.2 for T -. I eV,

OaH =10-15 Cmn2  for T > 10 eV.)

T[eV] 1 10 100 1000

n[cmZ3 ] 1 013 4.2 x 10-5 6.4 x 10-11 6.0 x 10-11 1.7 x 10-10

10,14 4.2 x 10-4 6.4 x 10-10 6.0 x 10-10 1.7 x 10-9

1015 4.2 x 10-3 6.4 x 10-9 6.0 x 10-9 1.7 x 10-8

1016 4.2 x 10-2 6.4 x 10-" 6.0 x 10"" 1.7 x 10-7

1018 4.2 x 6.4 x 10-1 6.0 x 10-0 1.7 x 10-5

Wi (elmc),9, is the ion gyro-frequiency iii the ilagnietic fieldI B.) Now, oiie call iinvoke
tilt- ioul Collisionlal dliflsivity 11cross the iiagnetic fieldl, DV r2 ti'ij, whiere t,% is tile ioni-iou

to~iomib collision frequmicy. Theu, repeatinig the. sUame atrgmt.ll atS for tHU. I mi-fe- th
case above, onle finlds that the clisp~ersal timec for the minior cross-sectiont of a rinig-shaped
(annutlar) grotip of ioiis to spreadl ot. inl tiet, plaile will be lon% coitapareci to {
providled thatti (again asstniing that V is onl thieorder of or larger thanl
tile tiiernil velocity of tIiic iou, )articles), rttus, it. is required, at least., t~ht l,. (A
slipportitig Vonditioll is thlat thlere (iholid be m1anly ionl gyro.periods betwel vc .0118~ of
ail average ion, w, > t.ijj.) Accordlingly, we also list vailles of t lie llycrogelu-iou gpio-raliutt

ii able 1.5. It. apelirs thlat idis at Vcomfortably silall Scale leng~ ill 'all. bot thle 1w
dniycses. We CeaupLsi?e that thle mlarginlally worrisom-e Valt, I-, : . 5 4-1, o1$ oil

for it 1013 01t- 3 ill Table 1.5, is a cautse for concern i Ilitid-plasina itiodellug of brat101.
types of Illapmetic 1 0 zles, Ileridionlal anld Izimuithal, if their triulsverse dlilie usa, % are n ot
mutchl larger~ thanl 5 ciii.

%Ve also nlote that Whelk X r thle conldtioll for. validlity of thIe fillid 11toded agil i I
eVerts to. tile ConIditioll that, I I W 11%.c went ht em rettrn or

14
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~< r", occurls inl all directions (especially across 13) and thus can affect, inl principle,
thie validitfy of t1e flild mo1del for 1)0th1 type.; of magnetic nozzles. Howeve~r, Tsib1l 1.5
shows that. whenever A <K -d cloes occur, the length scale for A\ is, inl fact., comfortably
small comJpared t~o envisioned nozzle dimien'sions. Therefore, tihe value of A is a concern
only whlenm it, is large and thereby affects the validity of fluid modeling of the mieridional
zmagnetic nozzle.

Finally, we note that. Appendix D adlcresscs the notion that3 1 is a reasonable
relation t~o invoke for the scoping study of azimuthal magnetic nozzles as well as
mieridional magnetic nozzles; and we mention that the limitations of the single-tem peratu tre
assumption for azintha~izl nozzles are add~ressed inl Appendix E inl which the degree of
electronl heat-ing is estimiated for these devices.

B. N ,giect of the Hall Effect in Ideal MHD
The often-neglected flall term inl Ohmn's law is (inl MKS units)

-JxB
lie

Usually, one compares this t~o the V x B termin Ohmns law,

E±+V x B =-J x B + iJ- -VP,
71.e lie

Here

V = fluid or lplasina velocity

B = magnetic field strength

n = p~article number density

J = current dlensit~y

E = electric field

P,= electron p~ressuire

il=resistivit~y of plasma

The fluiid momientum equiation is used to estimiate J x B. The transverse (cross-field)
comp lonent of condu tcting flid il moment-um balance inl axi-syninietric steady flow is

p(1V"- / V'). - ± (VP') = J x B.-i

where P is I-ime total pressutre of electrons and ions, p = nrni is the mass density, mid
where is a uinit, vector inl thme relevant trainsverse or cross-field dlirection. Thus, - is ini the
radial-like direction for mieridional magnetic fields (fJx B=JoB- i) and hias components
inl the radial and axial directions for azinmthal magnetic fields (3F x B = JrBO. J- 11 I0 i).

He re, we are referring t~o cylindrical coordinates- (r, 0,z), and unit. vectors and -^in tIllie
radial and axial directions resp~ectively.



If we assume that transonic flow is characteristic of the configuration, then. both terms
on1 I lie Chts of the monientum equation are coinparable, and we estiniate that

p2

where e I is a characteristic cross-field dimension of the flowv configuiration (eC± is the snial#er
of the cylindrical radius and the radiius of curvatutre of a representative streamline), ar1d
vi is the ion thermal velocity, which is coinparale to thle souic speed in the plasmna.* The
desired inequality for neglect of t-he Hall terin,

together with the transonic pstimate,-y-v 1 then leads immnediately to the condition

where wj (eII/mj)ftjj~q is the ion gyro-frejuiency.
Ini other words, tile above Considerations lead to tile condition that the repn'csentfixtive

iou gyro radiwis, r~j (t1 /w,j), shuld be siutahl CompIared to the characteristic cross-field
diatuetsions of tile coisfigairatioo, as i euinwtthat: the Mull term shotild be Ignorale
ill ai model tkmt describes the ideal dynaictd properties. Ofthe highly Condurting fluuid.
This iuvgnauent s given abovwe is Certainly. reasouliit foi' azilouthal uuaguefle. nozles iJI.
wiaikht the donlttilt 41%w 1i% aoss tile liaglietic eti.so that V x B Is a 4dwu1ait teril.

414WevCI', ill thet CaIse lpahi~ thrtuighlei m tiiul lklopletiv 110.z.les, tile alu~vem.
iuiiiit aiild volelu1ki liBIst be re-exionitted(l d ie st'e ed, usk. tiv. HlOW (whict:
is illdhvd talk li~) is lukraltic to the Itingiaic 66i, V xl 0 it) 1ieal MHOI (at* Appeuix -

* A 0s that the busk ~desited Maeiuiy IV ' I x 1),mak~ no seak it Ihe

*hwis pailloi alid iW t raiuwonil ha itteni N-1110, we ask 'What is -fli 04't of thle Hall
tefol oil the (distortioit of' this flowtatI theritudly-daivea How which Wsrdclyptat

: tJO M. thacue Is Itoheassew Ils hvitlging-tt. have 14l aiaevidioaiai tutiguetl ic-ld lng esld
ut t he it-e 0&41r potelitiol. ta hte.hec Ik tdpredkan-t .tsiai

it ide1al NIDI with pore'dv parallel flow, hevaaase thv hldit lilt& air liuauaaai." in:a Iiaht

I JAIabdiin theile4 tern' (but uet tilg lieresistive oud diaaaaag lie tt'rill4beO ane

V j

T 4'Io~ttnvifiO diat-Av -or a'. f Ilow f's * AutIt0t u 6*tello i~e, i *ftAlt )itiiid
Aig 10 ujtt, tilt,11 iouietti Noueg ut tb w tuaI w ikcal of 1ttW uua.tune t wub1wttmi~



where the Hall-induced velocity increment, 1, is in the azimnuthal direction as dictated
by .10 X B.

Thus, if all meridional magnetic field lines are held at the Salle electric p~otential, the
main effect of the Hall termi is t.o induce a small rotational motioni of the p~lasmia. To see
how small this rotational motion really is, we re-write the above equation as

IVeIB X B,

and use thle transverse momentum equation as before to provide the estimiate of 1J x BI
givenl above, which, is still valid. The outcome of this exercise is simply that

Whm( i implies that the rotational motion will be negligible iii comparison with the transonic
(par allel) flow provided that the ion gyro-radius is smnall compar'ed to the transverse

:.dimenlsions of thle nozzle.
rci < ei

This is thle same condition we found earlier for neglecting the Hall term, but now derived
ill a manner that. recognizes explicitly that in the meridional case, tile basic lafsma flow
..j parallel t-o B. This siliall ion-gyro-radius requirenment will generally be satisfied in cases
of iterest.. (See Table 1.5.)

As a 01inal remark onl the mieridional configuration, we observe that (ne)- (J x B),
as estiniatedl above, is onl the Salle order as the electron diatmagnetic term in Glim's
law, (Ie)V P,, for comparable electron and ion temperatures. Thus, the condition fur
neglecting the electron pressuire gradient (diamagnetic term) in Ohim's law is essentially

I tlit Sallie as the condition required to neglect the Hall term, namely, r~j <, ej., l1l ldig
either of these terms has the effect of producing only a. slight azimitial twist to the fluid
Streamlines.

Pimally, as a check and to illustrate a certain point, we reconsider the azimuthal
magnetic field configuration. I ere, thle accelerated flow is primarily axial dite to the
(J, x BO) force. In this case, a direct. comparison of the IV >( B1 term ill 011,11 to fihe
ofteun ieglected Hall termi canl le made in a straight forward manner. R~eferring to thme axiail
cross~hdd cQloponent of the fluidl m1omlentumli equation writtenl down at the twgilminl o
this Section, and using convenient cgs units in this case, the rim' is ~ JxB)'+. Since, 1111116
a streamline, ~ ~~,tie inertial ternm onl the elm can hie estitated by (p 2 (~)Where

4is a characteristic aial length Of the Aimluthail uaagne(iC nozzlAe. This termj stilliCiently
rep~resenlts the Clos of the axial momentuni equation .sinice it will be Comarable to thet aial,
pressuire gradienit term in transonic flow. (Since 0~ - I (tive Appendix 1)), transonic and
tvaais-Alvt.'zic flows tire essemt.,hdly tile samle Conlditiota.) Since the flow is carte I 1.4Vl

trnsAl~ei.ic (see Appendix B3), we can estimate us follows.



Here, C2 is the square of the Alf 'en speed, given by,

C2 B 2/(4rp)

in cgs units. In Ohm's la-,, the desired inequality'for neglecting the Hall term (in cgs
units) is 1

- I > 1 f J

Using the above estimate for C IJx B , and the characteristic trans-Alfx'enic flow velocity,
V CA, the magnetic field cancels out. aid the inequality is easily reduced to

tz > - , . . . ., , _,

Wpi

where op = (4lrne 2 /M.)1/ 2 is the ion plasmua frequency expressed in .cgs format and c is
the speed of light. The above derivation is valid as it stands if conditions in the azimutlal
maguetic nozzle happen to be "low beta," i.e. 13 < 1. Then, the characteristic length
that needs to be small in order to neglect the'-.all effect in ideal MIlD modeling is (c/wo)
rather than the ion gyro,,radiiis,

But c -- ' L 1, provided that the ion beta, )i = 8irnT2/B 2 , is of order unity,

as it should be for azimuthal magnetic nozzles (see Appendix D). Thus, we are again led to
the condition of a small ion gyro-radius, e, P rei, in order to neglect the lHall term. One
can generally expect this condition to be well safisfied. here, it is import, ant, to remark that
although the small ion-gyroradius condion is a reasonable general assuml)t.ion, particular
devices may contain localized regions in the axisynuetric flow that eiitail sharp gradients,
colparable to i-,j (or smaller), within which the Hall efflt inay play al important role.
Flows that. develop local myniuetries are dso subject to this effect.

Moromov and co-workers - have discussed some aspects.of steady axisymmetric
MHD flow with account of the Mall effect. Mathllematically, they fitid that. the ideal Mill)
equatious including the Iall termu are not well-posed and that. the equations to be solved
are, t herefore, vuhlerable to instabilities, Moreover, 'they find that the equations do become

well-posed and colopmltationldly robust provided suthcient resistive diffusion is added to
the model by including the qJ term in .linus law. The conllpttatiolial resultssb show
that the iiall terll indnces the formation of strong localized plasma curlis atcertain .
Clmract eristic plsdtionsw on both cathode mAd imode, smuggestinmg that the Hall effect 31ay be,
related to electrode erosion in az iiuthal i agnetiv lozi .s.

It needs to be renarked here that the order of tOe ll term compared to remaining
terms in Ohlnt1's law is snn6lar to tile order of certain comtponlm.its of tihe ion tmagneto-
viscosity tenisor nComrpaed to remaining termIs in t he ll nomleint uma ecqtat iot'A 'lherefore, 2 .

a proper comlpitatiottal treatmet. of the Mall effect may also require the incorporation of
the coret ion viscosity tensor il tile computational tn6dels. This point is often ilored"

bettis tde all term by itself constrtutes a simple addition to ideal M11l) whereas it. is
umudi t noreditlihlt to vonstruct VOlljtltitoilal tools, containing the full lhragnskii viscosily -

tetstor, Ref. .5-1 dtoes not smicl tO have ieltided both elfeets at the % sume tile ii tle
C:Omljt.tattional model. •..
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..C. General Conditions for Relatively Small Losses from the Flowing Plasma

1. Transport .Losses.
a. Mass Transport. First, consider cross-field (radial) mass

transport of l)lasma. To the extent that it occurs, this process represents an inefficiency of
the guiding (meridional) or driving (azimuthal) nagnetic fields, and it. allows hot plasma to
approach the walls. Both mass transport and heat transport may occur either as the result
of Coulomb collisions of plasmna particles (e.g. of electrons with ions), or as the result of
convective motions induced by instabilities and/or turbulence. The latter possibility will be
discussed in later sections. In this section, we limit the discussion to collisional transport.

The reader is cautioned that Hall and pressure terms in Ohm's law nmust be retained
at the outset in this discussion. The previous section (I-B) showed only that such terms
are small within the context of ideal MIlD, but here, we are considering "small"npn-ideal-.
effects.

We shall take Ohm's law, and vector-multiply it. with the magnetic field- B, retaining
all terms. Ohm's law reads (conveniently in cgs units),* .

T. / + 1 x = tf•+Jx g V~e(1.1)

c n.ec n e

After taking the cross-product of this equation with .g and dividing by B2 , we consider
the radial component (or its generalization to axisyninetric geometry). The result cani be
written as follows.

2c . 4 .....Y2 V p vV + vP + -- B +_P,- B), (1.2)

Stere, we have utilized the fluid nomentum equation to replace Jx B in the resistive term.
The notation ".L" means perpendicular to the magnetic field B, and VB represents the
guiding center drift velocity (which can also be regarded as the velocity of the magnetic

field liues), *B :- cE x B 2 with E being the electric field in the plasma. Moreover,
.1 is the plasma ion tunber density, and P is the total pressure of electrons and ions,
SP R, + Pi. Also, in cgs units, "c" is the speed of light in (ora/s).

CASE I: THE MERIVIONAL MAGNETK t NOZZLE [B = (B,, O, B.)]
Ia the vase of tihe liwridional maguetic nozzle with axisyninetric flow, there arc

-no"radial" currents in the plasnia, and there is only a "radial" component of the tralrsverse
-electrol pressure gradient. [Gradients larallel to B iake no contributtion to Eq. (1.2).]
Therefore, the last two teris of Eq. (1.2) vanish. Moreover, because tie azinuthal
electric field, "o, vanlishes inl a steady state with axisynwItry, aid because lO b 0 in

, 4 • '

tile collfguratioll, t.h.E B drift has no "radial" component. Therefore, E~q. (1.2) redtices
to

= -= (pYVV + VP). (1.3)

" The it gkcil t herintil ftrce teai's do 1iot chiige tile essiice of the diseLtisioll oi- the quditilive.
coiclubiiotii bit it#udcjill thew would cotiaiderably eoitiplicate the lreiieitli ii. See Appelidix P.
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Thus, plasma resistivity allows "radial" slipp)age of plasma across the magnetic field, said
Slipp~age heing drivenl by pressure gradients anld inertial -forces. In transonic flow thirough
tile nozzle, V -vi, these two driving ternis will initially have the sanie sign and thle same
order of magnitudle.* (Here, V =I'lis the dominant component of flow velocity and -vi is
the ion thermal velocity.) However, for long thin nozzles, the "radial" fluid inertial terni

1,will be dominated by the "radial" pressure gradient. (Here R, represenits the radius
of curvature of magnetic field lines.) This is also true for general nozzle shapes in which
tile radius of curvature inl the mieridional plane is larger than the mo.zle radius near thle
throat.

For the purpose of making a simplle estimate, the inertial termi will now be neglected,
-and thle templeratures will be assumed uniform. Neither of these assumptions will change
the order of magnitude of the result-nor the sc-aling-properties.

Then, upon. multiplication of (1.3) b.y the lplasila density-n, we find

nI = -7q1c~~+T) (1.4)
B 2  r

where Te and Ti are the electron and ion temperatures respectively. Introducing the local
plasmia beta by f30 8irn(Te + Ti )/B 2 , Eq. (1.4) reads

We see that this equation has the form of Pick-'s -law for diffusion, r -DVn, where F-is
the particle flux, and the p~article diifusivity is

1p t , (1.6)

Here, the resistive diffusivity, D,,, in cgs units is given by

wit-h ?1(sec) being the plasma resistivity i cgs unit,,.
Since we are limiting the discussion to we , w-slial take (1.6) in the forml

However, we empi)Iasize that, for tow dvnsitis mid low t-emfpenit-mres, one cotild prob~ably
affurd to reduce thle particle diffhtsivity Dpr Oy lowering the lplasilla beta with thle tuse of
stronger mnagnetic fields. (See Tabl~e 1.1.)

Tha 'mis"~ 11)i the. tiptiei potionl of the n1ozie Whe~re t.Ie st ieilI, i'te 4.'o1ivex t-u the olltsjck, the
iaiert-i"I tild twessmV tenuls both i'rwe the pla r Oailialy Otit-Wvards, huthe' dowist-teat i thle thIrotit.
ktutd exit -regiolis, tile inerti-Cenm Ud radiolly inwvards, opiposite thle pvessttre teiti.
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In order to estimate a time scale for mass loss by resistive diffusion, we shall simply
divide the numiber of ion.s present per unit axia.l length by their loss rate from the "radial"
diffusive flux, Dp,.t Br, per unit axial length. Tle result is

(n-)irr 2  1, (n)(19l C~~~~~Ipart =OIL ; - {o
(1 ) -,) 27rr D,j ) r

where (n) is the average density in the nozzle cross-section. For a parabolic density profile
that has n(a) = 0 as the generic example of a general diffuse profile, this expression
becomes

a -

tpart (.0
4D71 (.10)

where "a" represents the characteristic radial dimension of the nozzle.
Next, we shall compare the characteristic loss time (1.10) with the characteristic.transit time through the nozzle. Assuming transonic flow, we shall estimate the. latter.

by
t: - e.. =(1.11)

Vi

where e. represents the length of the nozzle, and v. _T )1/2 represents the ion thermal
velocity. Here, we note that vi is close enough to C,, the speed of sound, to be used for
these rough estimates.

The ratio of (110) to (1.11) is

L -r t 1 R, (T.12)

t, 4 A(

where the magnetic Reynold's number, R,,, has been defined as (with vi V. in the
transonic flow)

R11 (1. 13),

and the aspect ratio of the nozzle, A, has been defined as

A - (1.14)
Q.

To a.vohl radial loss of plasuma, the desired coditioll is tp,,,, n' I We thlwirefoe see t hat,
large magnetic Reynolds nu/iulers are required in order to avoid substantial radial mass
loss of plasima during transit through the meridional nozzle, for 3 1. More generally, )Ye
shall have

tz 4 OA'-

which illustrates that iio0derate values of R,, coild be accept-able provided that, .he
investment can be made in coil mass and power supplies required to increase the imagietic
field strength md thereby reduce /3,
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TABLE 1.6 Values of Magnetic Reynolds Number,
vs. Temperature for two values of

Nozzle radius a. (enA = 10 assumed)

T[eV] = 1 10 100 1000

a=lOcm: 1.6 160 1.6x104  1.6x106

a =100cm: 16 1600 1.6x 105 1.6X10 7

Note: In. tables such as this, we shall usually maintain only two-significant-figure Zccuracy.

Values of the magnetic Reynolds number are given in Table 1.6, for values of nozzle
radius a = 10 cm and a = 102 cm. Because of the way Coulomb collisions act. to produce
electrical conductivity in plasmas, the magnetic Reynolds number proves to be independent
of tie density. of plasma. (To obtain the results in this table, we took T = 7 and used,. C2

v1i(cm/s) = 1.3 x 106 T/ 2(eV), D,7 = and 77- 1 (s-) 0.9 x 10 3T' 12(eV) for
fnA 10. 2)

It is important to add the following remark in connection with the Table, For beta
values near unity, and nozzle aspect ratios near 10, the nun})ers in this Table niust be
divided by 40 [see Eq. (1.12)] it order to properly assess the losses due to radial resistive
diffusion of plasma.* We see that plasmias of 10 eV temperature or higher appear to be
quite satisfactory in this regard. However, the 1 eV plasmas are clearly not satisfactory
for unity-beta-values, and should be operated at sufficiently high magnetic fields that the
correspondingly lower beta value reduces the resistive trans)ort of plasma to reasonable
values. (This remark applies for general diffuse profiles, but does not apply to the "field-
free core" version of the sharp-boundary profile (for which beta effectively must be unity).

advocated later in order to overcome the "detachment problem.")
The DetacIhient Problem

At. this point, it is al)propriate to consider the "detachment problem" of how the
plasma exits the meridional magnetic nozzle, because -the axisyinmetric description of
this process depends on the extent of resistive transport of plasma across the iiiagnetic
field. We have just seen that large values of R, (or 0-1 R,,) prevent cross field resistive
transport of plasma, but this condition of large maguetic Reynolds 11unbers is liut
desirable for general diffuse l)rofiles-in the final .phase of axial transit. This is because if
the plasma were highly conducting, it would then have to follow the radially diverging
magnetic field lines back around the field coils where it would ultimately deposit its
*moienttu onto the vehicle, thereby uegating the thrust.

H However, Fig. 1-b indicates that it mnay bi wore accurate to replae A by ! A ia iiaking these

estimates.
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An exit. plasma with a diffuse profile and with a small value of R,,, on the other
land. could use its inertia to coast axially across the radially diverging field lines, and
thus avoid this "hang-up." The results of tile quasi-l-D model of isentropic flow shown
in Fig. 1 suggest that the strong downstream temperature drop, with the associated drop
.in electrical conductivity (oa ,- T3 /2 ), might actually allow this detachment to take place.

"Here, it is important to note that, in order for this to work, the input value of R, should
be only moderately large, otherwise the exit value of R,, would still be too large to allow
cross-field transport. (That is, if R,7 (input) = 106 and R,, (exit) 10- 3 Rl(input), then
one would still have a highly conducting plasma at the exit.)

H towever, real plasmas are not isentropic. The large parallel (to B) thermal
conductivity of the electrons must be taken into consideration here. This effect, precluded
by the isentropic model, will tend t~o maintain a high electron temperature (and a high
electrical conductivity) at. the nozzle exit, thereby exacerbating the detachment problem.
An axisymmetric MIID simulation with transport capabilities is required, in l)rincipal, to
- rovide quantitative answers to the combined influences of parallel thermal conduction and -

* rate of divergence of field lines at, the nozzle exit. on the detachment process in i)atticular
cases. Nevertheless, an approximate calculation that we perform. below indicates that
the effect of parallel electron thermal conduction can. be suppressed for some reasonable
parameter values.

For a time scale to transfer a substantial amount of heat from the hot upstream
.plasma to the cold downstream l)lasnia by means of parallel electron thermal conductioni,
we take the following estimate,

tell "-e/DLj . .,

-where-2 the parallel electron thernal diffusivity is .

3 '2  ...
2  

-. "

with

VC (2 Te/me)i/2, and Vei-- - ,

a(s-) 0.9 x l l T,3/a(&V)for enA 10.

For the axial transit time, we use

witli i (2 t/.) 1 /2 being the ion thermal velocity (which is close enough to C',). We
use mi for hydrogen, set, 2,= T for simplicity,-and thus find

k-1 -14 X (cm)0z4(Cm -a) - (1,16)
t= "(eV)

It is reasonalble to regard the parameters in this expression as being evaluated at the
'h1alfway point," that is, il the throat region of the nozzle, In order for electron parall
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TABLE 1.7 Values of (t, 11 / t) for e 102 cm

T[cV] = 1 10 100

.n(cvm- 3 ) 1013 6 6 x 10- 2 6 x I0- 4

10' 60 0.60 6 x 10 - 3

1015 600 6 6 x 10-2

101"  6000 60, 0.60

thermal conduction to be uiimportant,-we require t 1jI > t,. Values of tll/t-z are given in
Table 1.7, for e_ = 102 cm..

From this, we conclude that there is a range of moderate upstream tenperatiures and
fairly high densities wherein the effect of parallel electron thermal conduction downstreaan
can be mitigated. Of course, the viable range of operating temperatures can be- increased
by the employment of longer nozzles. However, in the 100 eV range of temperatures, it
appears -that the effect of downstream electron thermal conduction will be a major concern
except at very high densities,

it is important to mitigate the parallel electron thermal conduction for another
reason besides that of allowing detachment of plasma at the exit. This other reason
is ilhat heat conducted rapidly downstream is wasted since it cannot contributeto the -'
development of thrust, and hence represents an inefliciency. At the higher temperatures,-
more specific impulse is realized (see Appendix C for the pulsed power approach t.o the

" use of hot plasmas), but then the detachment problem and the issue of efficiency must be
scrutinized, A trade-off study is indicated, and is best performed by means of a 2-D MIlD
simulation with transport capabilities. (Of course, such a simulation is reii.iLble only when
the Coulonb-collisional nean-free path along B is short colnpared -to the length of the
nozzle, See Table 1.5,)

To indicate the importance of the detachment prloblem, we shall now make a rough
* -estimate of the magnitude and scaling of the exit velocity. We shall assume that the

-paralmeters are such that electron thernial conduction is not a major problem, The
possibility then arises that the axial inertia developed by the plasma within the nozzle
will enable the plasnia to coast resistively across the radially diverging magnetic fields at,
the exit. Such a possibility is brought about by the rapid drop in l)lasunla temperature
(hence a drop in electrical conductivity) as the, plasma expands through the downstream
side of the nozzle.

,4 I + Let us focus our attention on the temporal behavior of all anilar element of plasnma
-as it RMlows an ninular meridional mnagnetic tix tube out to where the fleld lines turn
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around and start to go back around the outside of the field coils. We shall take an iterative
;approach that., in the first instance regards the plasma as highly conducting, Nit in the next
instance calculates certain effects due to finite resistivity. The physics of the detachment
process that we shall explore consists of the axial cross-field velocity of plasma, as allowed

,by the presence of resistivity, and as driven by the axially-directed centrifugal force on the
plasma when the plasma (as a good conductor) atteml)ts to turn around and follow the
field lines back towards the vehicle.

The derivation is as follows. The azimuthal component of the complete Ohm's law
(including Hall and diaanagnetic terms) for the case of steady axisvninietric flow is simply
(MKS units) B V .

' .. -- ~B, + V. B, 7.1o. (~7-

-n the exit region of radially diverging magnetic fields, B, ! B,.. In fact, we shall
concentrate on the region near the maxinium axial extension of a field line where B. , < B..

Therefore, Eq. (I. 1i7) slhIl be- taken approximately as.., "

V2Br 7)J. (I.18)-

At this point, we shall reduce the model to construct a simple physical picture of
what is going on. Consider a strip of resistive metal, having resistivity .q and density p,
infinitely extended in the y-direction (representing the azimut.hal direction 0), with a small
thickness A. in the. z-direction, and arbitrary height L, in the x direction (representing
the radial direction r). Imagine that this strip of resistive metal is being I)ulled across a

. . jagnietic field B, (representing Br) by a steady external force acting in the z direction.
Let. F, represent that external force, per unit (x,y) area. We shall identify F, shortly.

.--Moreover we shall take the electric field E = 0, because E0 = 0. Observe that .the-axial
magnetic force acting on this resistive metal strip, per-unit (x,y) area, is then

VXBAZ -J BA.,BA (1.19)
.4 .. -. 1] -

which is opposite to the direction of motion caused by the force F.. (Here, we have invoked
Eq. (1.18) for Jo = 79.) The equation of motion of this strip may now be written as follows
noting that pA, is tihe mass per. unit (x,y) area,

(PA - . (1.20)

The solution of this equt,iou has the form of an expouential apl)roach to a final steady

velocity. That is
.. = =y,,)1-- ., ). (1,21)

The time scale to approachX the final velocity lrovcs to Ie given b y

(1.22)
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As aa equivalent expression, one can also write

.. texp 'A( . 2 a

where tA is a radial Alfv'i time, and R7A) is a magnetic Reynolds number that is defined
using the Alfvn speed. Here, the resistive diffusivity, D, = - and the Alfvein speed,

CA = (Bl/top)I, are evaluated in the exit region of the nozzle. The time scale for
this transient phase can be fairly short. As an example, consider the following moderate
parameters that might characterize the hydrogen plasma in an exit region: n ; 1013 cm 3,
IT ,.z 1 eV, B ;. 1 (O Gauss. Then, the transient phase lasts a time texp ;- 2 x 10g77'Sec.
The final axialvelocity quickly becomes :relevant for t Z t xp, and is given by

Y.(fifl) GD"(1.23).v, f , A.,) (B2/jjo)

At this point, we arrive at a crucial feature of our model. We now identify the applied
force density as the centrifugal force density exerted on the plasma as it tries to follow the
field line "around the bend." This is the process whereby the axial plasma inertia induces
the plasna to coast resistively in the axial direction across the radially diverging magnetic
field,

(p) (1,24)

Here, p and V11 V' are the exit values of density and flow velocity as computed in the
-ideal MHD model (see Appendix A), and R, > a is the representative radius of curvature
of a magnetic field line evaluated at its farthest axial extension.: After substituting (1.24).
into (1.23),one finds

(ILI
S'il \ c, ) R.. 1oI ) .,,

Now, it can be demonstrated that, to order of magnitude,

.%J (1.26)\C2 AuAexit

where A, and Ao are the areas of the nozzle exit md the nozzle throatt respectively and
/O is the value of the plasma beta in the throat of the nozzle. Therefore, to order of
magnitude, we cvan write (1.25) as

SJ1 (1.27)

where we have defined a miagnetic Reynolds number in the exit region by R,&xit)

(R VlID,) )e~. 2
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Note that this model cannot be applied for arbitrarily smnall Reynolds numbers,
-* -- 0, b)ecamle then the transient phase would last for an arbitrarily long time, [see

Eq. (1.22)], and thereby preclude consideration of the final asymptotic velocity. The
qualitative conclusion from (1.27) is that axial plasina inertia can indeed axially drive
the 1laslna resistively across the radially dliverging magnetic fields, even with a velocity
comnparab~le to V71, provided that the magnetic Reynolds nuniber in the exit region is not
too large compared to unity, and provided also that'the beta value in the throat of the

.nozzle is not too. small.
So far, this result seenis encouraging. It appears that if one can arrange the

upstream p~aramleters so that the downstream magnetic Reynolds numlber is niear unity,
--hen detachment will occur with the actual (detached) exit velocity (specific impulse) -

maintained near the p~redictions of ideal flow. -But further examination of this process
leads us t~o a view which is not so sanguine.

To show why there is still cause for concern, note that, from (1.23) and (1.19), the
magnetic-drag-force density is precisely equal in magnitude to the applied-force -den~sity,
' for timies larger than the time for- the. transient phlase. That is

(vY BM (1.28)

This is an axial drag force density (force per unit volume) exerted onl the p~lasmna by the
magnetic fields (and ultimately transferred to the magnetic field coils onl the vehicle). To
get. the total -drag force. we must multiply thle expression in (1.28) by a volume associated
with the exit region of the nozzle.*' This volume has to be onl the order of (A, R,), where A,
is the area of the nozzle exit, and RC is a representative radius of curvature of a diverging
magnefic field line.. We concluide fromi E q. (1.28) that the tota resistive drag force is given,
therefore, to order, of magnitude, by

(J x ll),(A, B0) (14', )0viAc (pV1jA)erit17f(ej~j) MII(e.it) (1.29)

Thuts, althbough we have made no attemplt to ascertain the exact numerical factors here,
* the above calculation indlicates that the resistive (drag force will be roughly the satue as

the ideally-calcutlated thrust, in our iterative model.
This qualitative argtinent Suggests thiat, within thle axisymmetrie flow model, resistive

dietacluneut of lplasna (toes not really solve fihe detachmlent, p~roblem, because the iiit-teided
thrust will be sutbstant ially cancelled by the resistive drag oil the plasma by the nozzle
magnletic fields. -1lid matter what valuie is achieved by the magnietic iReynolds umberi

* (withlin thle Validity of thle model). TIhis qualitative argument. needs to be checked
(juauiitatfively bky use of at 2-1) resistive MIII sinittlation.

Three possibilities for~ really Solving the detachmlenit problem are 18 follows.
i) j.i l od'aI~t. IItiilt. Non-synnuetric plasmit motions iduicedb

centrifuigal forces (similar to the phlysics discussed above) might, lead to Inuore effective

'Ill rol I ghiot tile "exit Vollull" tlwere will he i dist iit ioll (it 1mgiifil des :1116 1rect iolls of' those
forces, whielh will tuslally litwc hot It axintlilld radiali coil tpotleltS. 011t, poillt by poinlt, tit( tlxiid compoaaent,
of' the appliod 1borce donsity will be balmnced by the 4xitil 4comitet of ftIto aimietic force density.
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detachment of 1)la. flia in the form of flute instabilities. 3-D resistive MilD sinmulations
could address tis p)rocess. A similar process at the nozzle entrance is considered inl
section d (convective transport) below.

ii) Rcombination. At the low exit temperatures, recombination of electrons and ions
co'dld occur to the extent that. the plasma would revert to neutral gas and be un-
coupled fromn the mnagnetic fields. However, thiis process might well lbe jeop~ardized.
by the precip~itous drop in plasmia deiisity onl the downstream side of the throat.
Quantitative calculations that address this possibility are indicated. A resistive 2-D
MHDI simulation with capabilities to miodel ionization and recomibination (analogous
to reactive fluid simulations) would be required.

iii).11tilization of Shamp-Boundary Profiles. If the nozzle input condition could be
arranged so as to have a core of field-free plasma, transversely contained ill pressu;Ire
balance by anl external layer of magnetic fiux, then, to the extent that. this condition
can be maintained downstream, the necessity for solving the detachment prob~lem
becomes obviated. Instead of a field-free core lasma, one canl also consider here
a core plasmoid containing closed magnetic field lines, separated from the open-line
mnagnetic guide field by a magnetic separatrix. Ani example of such is time Field
Reversed Configuration for which axial translation has already been demonstrated.6

The condition required for maintaining a semb~lance of the sharp boundary profile
downstream canl be obtained from thle observation that thle initially separated plasmia
and mnagnetic gutide field will inter-mix by resistive diffusion. Because this is a diffusive
pr1ocess (with ~3~I in the interface region), the diffusive mixing depth, A,,, canl be
estimated froml the expression (.0

where thle axial transit time, t, (,1~vi, is the time during which tile core plasmila is
in resistive contact with the magnetic guide field at thle nominally sharp boundary of..
sep~aration.
The boundary wvill remain "sharp" provided Op L ,~'eea satpta ais
thec plasma near' the thiroat of the niozzle.. Using Eq. (1.30) to-exaluine this ratio of.
lengths, we flud

111118 i Order' for tile sitai-p oundary Configurakti~on to be nillintainlecl (itilig thle time
for anl element, of phatia to flow through tile nozzle, it is ieemsary thot tile magletic
Rehiynolds number he large coiupam.d with tile aslizt ratio of the jitizzle.
All of thle plasma. that becoef I ~ ila essiemiig yer, A,,, wilt he subject
to resistive drag at time tiozzle exit, as discusmed earliei, andr will thierby detr.c rn
-lihe ideal thrust within thle model of axisytometric flw. Tile risk of using this Rharp)

Jboundary approach to solve the det achmient, probh'a is that thle plasma t hen becoimues
Vulnerable to Raylegu-flmylor ill$( abilitiles ill the IUoZZ!e entrunce region. .Som Sectionl
d: "Conrvective Trwisport," below.
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CASE II. THE AZIMUTHAL MAGNETIC NOZZLE [B =s'(O, Bo, 0))
For convenience, we repeat Eq.,(1.2) in tile, form

nV1 (p V1, a + Jr C OPe
.nVr-V~)=~,p -- +VV ,±- +--(1.32)

' ,--(B /$7r)eBO

where: , rq is the resistive diffusivity, f" is; the guiding center -drift velocity
VB= cE x BIB., and we are utsing cgs units. We shall explore thle consequences of

Eq. (1. 32) for -a coaxial configuration of l'enigth e, -radius r, and coaxial width.-A, with 2

Now the magnetic field lines, B .BoO, are quiickly~ moving downstream, so that VB,
on the ehs of (1.32) is not a cloinnant drift of the field hines~in tact, V~R must vanish
at the highly conducting inner and outer electrodes, because E, 0 at those electrode
siirfatces. Consequently, the eh.is of (1.32) represents.radial mass transp)ort ac= a. iagnetic
field which itself has no, significant radial motion of field lines, esp~ecially at the electrode
surfaces.

Now let us consider the driving terms for this radial mass transport in the azimuthal
magnetic nozzle. Assuming that the ion beta value is of order unity (see Appendix D)), and
knowing that the axial flowv is both transonic andl trans-Alfv~iiic (see Appendix 13), it can
be demonstrated that the radial inertial portions of the D,7 termi are small comp)jared to
thle radial pressure radielt- portion, ill tile ratios (-.iez )l and A'-' (r~,' ", , where A

*is the aspect ratio of thienozie.-, with A being the radial space betweeni tit inner an(I Outer
*electrodes. Thits, the ion gyro~i'aditts is being assumed smnall compjareA to tile axial scale

lenigth Of the 1107,7le, all eaSily Satisfied coiiWon.

* Impotrtance of radial m1ass tralsj)ort depends utpol 'thle radial presure grdel and C11n
be examined julst aS for at ase 1. The resuilt is thiat, thle characteri-tir tittle for radial loss of

*plahmia particitle ite terms of the axial trauisit, tilimeValw beWritte.n as

Where Rq-is. tile 111"gieic Reynolds 11111uber 4eilmd 114

w~it It the IWO flow VelkslityV Atli the order of ei or (",v, (As ill Come ,- Jii. tis elt
[E'i (I .33)] was .obtie ~maiiagmaiwm n qulswis mtw ars ata p&rdlyoli

Tfild 6'i, tile ioapit power tblI( wsRW), 1. jka a~piaa.o 0we 1r'qVtt14 Vetor is~J~.i

fints-h 14 2*.ri'. This 6~ e ipijvule1 to tt oxm) iw# of 1~g1trigiC I 2nA iht~

teli" wilk10,1 th~~ WiAlligne'tta elvW tilti~j, k, 110i'd4ea~ li~~a~a ointii



density p~rofile that vanishes at the inner and outer electrodes.) This result, Eq. (1.33),
ipractically the same as for the mneridional configuration. Thtus, when the resistive termn

dlomnates Ohm's law, radial mass transport can be reduced to a smlall effect by working
at high magnetic Reynolds numbers, R,, > A.

However, the resistive terni does not necessarily have to doniniate Ohm's law inl the

azimthalmagnetic nozzle. It cani be demonstrated that the ratio of the J, terin (the Hall..

term' to thle D,, terin in (1.32) has Ithe following dependences,

D.O1 On/or) A V1i3 ~ ,(.5

where W., is the electron gyro-frequency in the BO magnietic field, and vi~ is the electron
mnom'entum- transfer collision frequency due to Coulomb collisions with thle ions. Also,
A = Q~ A is the aspect ratio of the nozzle, anid j3 is the total plasmna beta valuie due to

the stuni of the electron and ion pressures. Front the result (1.35), wve conchude that when.
the electrons are strongly magnetized, we, >> vj, the Hall term call play a much more

important role than resistive dithisiou as regardls radlial mass transport.
We also note that the last term, the (OP, /0.-) tferu, is of order 0, times the Hall t.rn,,

where 13, is (8irntT,/B 2). From Appendime 1) -and E, we cau infer that Ih, 1.
In the Table 1.8, we present valutes of the electron (ion) magnetization paraipter

assuming that T, = Z and 0 1. Thus, for given it and T, Table IA providles

acorresponlding valuie of niagiketic field. For Pd we use2v' Vie 2I=o~ with er

107T12(S ) for- CA 7- .10. This valuie is somewhat more accurate thaii the earlier
expression derived ill (LA) anid is sufficient for present purposs For we WO, st Me

1X 4.8 x 10 -.d 11/ 1.G (X1( 1.6 1C x lol ,
Note that (W, IV,~,) scales a T/ 2 1 flixed .1) it. (11 bo~th v'ij and W,.i kC :

Frn QIk18 n q 13.) seht ilni t I 1 V rallge of timlwrat~trs Oh.

tOeet vols tire iOSScititaly p iet itW'd, o t t 's tvedifision tietoriminesm radia mass.:

IrtllO t heo~ca h~h en~eahe~t reverse is gellerally, trit. Fo eaii.4
ill tilet10 el:etrmge will-ie. Strongly. Iliuiilet, ed, Wo a~R, erneof~i

dellsitmes, (Appendia Sh~dows Chat for.itils il tile r. lige (A it0 nVrgie.teeer~i
-le lae up t) tlit' teitlherattute by c mdtIn)We Shll now exalitin IQt he churacter

of raffo lumstaldoi ill tile Rzilmiailt l l nagpetie IIP~zW -whlu -the vg.;Uiwters ore Stih

We egi bymstmmmim tht~t~m exi~rolv :iwe -~wbeta illorder to ge a tilmiple pttre.

thle ax~i1iil-driftI0 00g 41 eld IM04'altd colircdcd flowlist reamm C it the (1110-1111d lm ill 1.t1i
retitici-d minodel.. ft't ndjI0 low tramisport is determie !u Itq i~)iiti. olw

Ilft V ~~ I~ rakhl Volitt~illmil of tlme flkli iveltwify of thin ' ii. WhidtI it"" m ally,
li radial fluid. V tueity of. thIe, ionis 3hs 1 ~m~~~4uidh ~..(.~ ~t



TABLE 1.8 Values of ( )for 'T7, =Ti and i 1 (hydrogen ions)

T1[ev] =110 100

n (crn-3 ) 1013 1.97 (.0165) 197 (6.50) 19,700 (650)

io'4  0.623 (.0206) 62.3 -(2.06) 6,230 (206)

loll 0.197 (.0065) 19.7 (.650) 1,970 (65.0)

101 -6 0.062 (.0021) 6.23 (.206) 623 (20.6)

io171.97 (.065) 197 (6.50)

10111- 0.623 (.0206) 62.3 (2.06)

1019 0.197 (.0065) 19.7 (0.650)

Slight inaccuracies in this table result from our use of an approximate evaluation of Vei. However, Pei
.itself is-only accurate, in ptinciple, to order ((viA)-1.

the ionis init carry all of the radial cuirrenit across tile miagiietic field because the low-beta
mnagnetized electronis are tilable to do sn. (Thiis statemenit applies only to anl axisyiimetric
idealized model of the dischiarge whiereini locahized arcs or' spokes are ilot the princi le
iiiechiaiisnis for deteriing current paths.)

The radial distanice traversed by the ions iin carrying the radial ctirrent, is 'V, where f,
is thie axial tranisit time. Thus, if V,., is smiall compared with A, then radial mass traosport,
will be a smiall effect ill this case of stronigly niagiietized clectrons. Setting Vj, !7 ille
usig Ampere's law to express J, ill terais of Be~, aid usig (s/GA for t,,, we find that.

C i

for ioni beta values near uinity (Appeudix ).~ (llere, wli is thle ion tIasiia frerji~euvy.)
Thltis, the coiichitimn that radild iriass transport should be at small etlett Wiithliu the

axisymmiietric model of the coaxial azimiutlhal n1OZZle, reducees to thle requliremlent that

inl tile -Re of Strongly Ilagetized, Itw- bet a elect tn.Teit i-rch wsol bsih
cumplared wvith thle transverse diummeutSiOlif Of tile phAUSia.
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Now, if one returns to Eq. (1.32) allowing for finite 1eelectrons, still strongly
magnetized, one has

Jr c (P,
VB) e ell 0- (1.39)

The meaning of the electron pressure term is that, the axial xion-uniformity of electron
pressure causes a lack of cancellation of neighboring gyt'o-orlbits (evident from the form

~ )leading to a radial diamagnetic fluid velocity of the electrons. Including this termi
only changes the estinnate of radial mass transport lby a factor of order 11 ± /3,1I depending
on the direction of J,. leiice, time requirement. (1.38) is still the fundamental restriction
for radial mass transport to be a small effect, iin azimuthal magnetic nozzles in which the
electrons are strongly nmagnetizedi.

b. Heat Transppqrt. The lpreceecling account of radial mass
"transp)ort fromi resistive diffusion exemplifies certain general features of diffutsive transport.
G'iven a transport process for a quantity Q (e.g. for Q relpresentig mass, momentum, or
thermal energy) having diffusivity D), one can find a representative time scale for loss of

Qfromn the core plasmia to the lateral wall of the nozzle as tD ,a 2/D, where "a is a
characteristic radial dimension of the nozzle. If the condition tD) t;, is satisfied, where

tr-e IV, signifies the axiai transit time of an element of p~lasma moving with velocity V,
through a nozzle of length e-1, then fractionally large transport losses of Qwill not have
had time to occur. This desired condition can be expressed as

tD RD (.0

where A QoI is the aspect ratio of the nozzle and RD Voa/D is the R~eynolds number
for the given transport process. Thus, the R{eynolds number for heat transport should
be mvich larger than the aspect ratio of the nozzle in orde~r that radial heat loss shouild

Althotigh an element. of platsma ay lose onily a small fraction of its initial thermal
energy dilrinig Axial tranlsit, due to fulfillumit of couditioll (1.40), the attual hent loading of
the lateral wvalls may he considerable, depeldig uiponm the p~lasmla parameters. and nozzle

.dinmeiisions. Whet her' stch heat loading~ is tolera~ble in partimilar cases must be assessed
4V engilleers Oilt-e basis of tile d~uration and( ntumber ol.'urns required by a particular
ulissiom This assesient inti.st be sell-consistent, sice thle duration and niumber of bunis
will also depend on the plasma pmaramzetecrs.

lIn this report, fract-ionAl energy losses ftic initanit heat loads on the walls wvill
he esthited a~s coasequemees of choices of the plasman parameters, but no formal value
jimlgenmeumts of tile wall lonAs will he rendered here. A convenient framework for making
Sti utimtat~e. 04 he developed, us follows.'

LJSE 1L MERUWIONAL AAIENTK? NOZZLE'
Comsider tdw rati'o of th le tot al later'al h %et IIos f4rate, 1 1tb, to tile total mxial kinetfic

power flow t hrough the, throat of'time iiozzle, Pj,. (F' oni Appendix A. we note here that
P9 ~ P Where P is thme killetic power 1lowinig "lit, of tile nozzle exit.) We have

4h(.1



where D is the thernal diffusivity (D = K/n, where r, is the thermal conductivity),
A = e./a is' the 'aspect 'iatio of the nozzle, and V is the flow speed through the throat
of the nozzle. The particular expression for D will depend upon the parameters of the
plasma, for example, upon the degree of magnetization of the electrons; and it will depend
ul)On the behavior of the profiles of density and temperature near the walls. Here, we shall

'just work with a "representative" value of D. Note that, from Appendix A, in the throat
region of the nozzle,

(12 = ,2 = T 13--. (142)

for T= Ti andy -
Now, taking a parabolic temperature profile as the generic example of a general diffuse

profile, one has
T =T(o)(1 -r/a'),

where T(o) is the value of T on the centerline. Then, applying Eq. (1.42) on the centerline,

the square of the velocity of fluid through the throat is V 2  3TI.) and one can then
compute the ratio of lateral heat transport per particle to axial kinetic power per particle.
The result is

DIDT/arjG 4D 1 4 1- - -I... = - (1.43)

3 a Vo 3 RD

wherein the Reynolds number for this transport process in the throat region has been,
introduced in an obvious manner.

Using (1.43) in (1,41), we have

-,H-L 8 A- = - ( ,4)
Po 3 RD"

This expression for the fractional loss of power dte to radial heat transport is in qualitative
agreement with the estimate of the time ratio (t/tD) used to derive the desired condition
(1.40).

In terms of the final kinetic power at, the nozzle exit, P, Eq. (1.44) caii be written as

-2A

--.L = 2 A P . (1.44a)

Thus, the fractional loss of heat relative to the exit, thrust power is essentially (AIRD).
To estimate the heat load on the lateral wall, we use lEq. (1.43) in the form

Or 4 1 1 4 1 AM V2

or l 3111 " 3 RI) 2AI

K~ I1 P0  (4l

where no) is the iituinher. density of ions il the throuat. 'egkn of the nozzle, and where Au is
the area of the nozzle throat.
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Here, we recall that values of may be obtained from Table 1.1, Note b, for
many cases of /3 =1 plasmas. Hence, an estimate of the heat load on the lateral wall in
[i,"-'5 can be obtained simply by estimating the relevant Reynolds number and dividing

it into the exit. thrust power density (defined in terms of the area of the throat). The
Reynolds number is obtained by choosing a transport model, plasma parameters, and
nozzle dimensions. We shall now carry out such a procedure. Although it is not necessary
to use the Reynolds Number approach to calculate the lateral heat fluxes, this approach
provides a convenient and natural way to connect these heat fluxes with the corresponding
thrust power densities.

Classical plasma transport, presents a lower bound for transport losses from plasmas.
From Braginskii2 , there are two types of contributions to the electron heat flux when
We > 'eil

= 71nT, + 3 Te -T ((-.4-- a)
2(wce/vec) n(b xit (.6

5 cT,= .jjVIIT - K.V±T, - n(b x VT,) (1.46 - b),

(where - --- with J being the current density); and there is a contribution from, the
ions when Ci > ii,.

. iv5 CT-

-IVIlTi - KI .Ti + - .(b x VT) (1.46-c)
2 eB

where b -B/B and 11 and I respectively refer to. directions along and transverse to the
local magnetic field B. (lere we use cgs units.)

In these equations, to sufficient accuracy,

2.

K 3 n.t,(1.47 - a)
2 'vej

S- (1.47 - b)2 v ,, \W e

and
2

KII 2n (1.47 -c)

ViiWe

Where v =-- -',,i/,n,,. In evaluating these quanti ties, we shlll use2 vej -- ,;, with

= 0.9 X 10- 2 7 9?) and a = 0.9 X 101s 7t311 for (Cn.A z 10. We also note that
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In Eqs. (1.46), the uU = J11/ne term vanishes for )oth configurations under
cnnisideratinn. Moreover, the bx VT terms ran never rontribute to "radlnl" Conling
of plasma.2 (In the nieridional magnetic field case, this is so because VT has no
azimuthal component. i the azimuthal magnetic field case, this is so because the
coaxial metal electrode surfaces cannot suppI~ort a substantial longitudinal temperature
gradient.) Finally, it is important to remember that when either electrons or ions become
un-magnetized (w,, < vei or wi < vii), thermal conduction in the unmagnetized species is
isotropic and is determined by the Coulomb-collision mean free path, so that the expression
for the heat flux reduces to just the ,cej term for the unmagnetized species.

Therefore several cases of thermal transport must be distinguished depending upon
the degrees of magnetization of electrons and ions (see Table 1.8). When the electrons are
un-magnetized, radial thermal conduction is determined only by-the t term, and the ions

are unimlortant.* -

When the electrons are magnetized, electron radial thermal conduction results from
the b x it term and the n' term. It cail be shown that the former is of order ( 1 -) times the

latter. Hence, the former (b x it) contribution dominates electron thermal conduction when
-- the electron beta is very small against unity. Moreover, when the ions are magnetized,

ion radial thermal conduction is due just to the n'_ term. Since the n_ term is of order

(?n,/mi)1/ 2 K1, we see that electron radial thermal conduction is generally small against
the _ contribution from the ions. (The exception is when fl, ; (me/rni)i/2 - 2%, in

which case the b x V7 thernio-niagnetic term from the electrons is competitive with the K_

term from the ions. We shall ignore this )ossibility in the scoping study, but it should be
monitored in a more detailed transport study.)

Finally, it is possible for some parameter ranges that the electrons are magnetized
(,ace > Vei) but the ions are un-magnetized (wi < vii), Ii this case, the radial thermal'
conduction is dominated by K11.

In general, we shall apply the magnetization parameters in Table 1.8 to calculate the
heat diffusion Reynolds nuber for the different regions mentioned above. In so doing, a
characteristic radial distance "a" for the nozzle dimension must be assumed. We shall set
a = 100 cm. It is a trivial matter to try any other value of "a", since RD scales directly
with "a". In this connection, we also note that for well-confined plasnmas sul)ported in
pressure-balance by an external magnetic field, with a boundary-layer thickness A,., as
opl)osed to general diffuse profiles, te lateral transport fluxes will be larger, and the
effective Reynolds numbers will be smaller, in the ratio (A,./a). For RD, we shall use

RD = -a (1.48)

where vi is the ion thermal velocity (which is sufficiently close to (.,, the flow velocity in
the throat), We note that with m, = 0.9 x 10- 27 gm. and mi = 1840 m,, the thermal

velocities are given by tvj(.-) z 1.4 x 108 T' and t( ) 6.0 x 10' 7, /2

. Th exact trausl)o't. coeflicieuts depend ill dettldl oi the degrees ot' iraglwitiat lou(ld/) auid

(w,,i/vii), and tire very complicuted, In this Scopling study, we ignore these details, but they must be
calculated in any thorough trasport study of riey specified design.
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For unmagnetized electrons, we have the dominant radial thermal diffusivity,

D =De 3v 19 X 1019 (e-V) (1.49-a)

n(c-) 9s

For magnetized electrons but un-magnetized ions, and with T Tj assumed, we have

D=DII=D\T ( / .=0.03xDe. (1.49-b)

(Temperature ratios are important here, and (Ti/Te) should be taken into account in a-.
more detailed transport study.)

When both species are magnetized, we take

D =D' = \i D t  (1.49 - c)

aad use Table 1.8 to obtain the ion magnetization parameter.
To show how this works, we construct the table of radial thermal diffusivities here,

Table 1.9, for a = 1 hydrogen plasma, showing the dominant thermal diffusivity for each
set of parameters. Noting that there is also a thermal flux associated with radial mass-
transport, with an effective diffusivity 1 D, when T = Ti = T and -1 O;n 1 fT, we also

show 2 D, parenthetically when it exceeds the thermal diffusivity, Dfher,,
In Table 1. 10, the Reynolds numbers corresponding to the thermal diffusivities in Table

1.9 are displayed, for the radial length scale a = 100 cm.. The fact that these Reynolds
numbers are much larger than unity means that the heat transport losses are negligible in
comparison with the thrust power; see Eq. (1.44-a). But note that the Reynolds numbers
associated with AD,, are much smaller in several cases, indicating that the thermal flux
associated with mass transport can be important for/= 1 plasmas under some conditions.

In Table 1.11, we shall apply Eq. (1.45). The thrust power density is taken from
Table 1.1 (footnote 1)), and the result is divided by three times the Reynolds number
(using a = 102 cm) in order to obtain an estimate of the lateral heat flux according to the
classical plasma transport model. The thermal flux associated with radial mass transport
is shown parenthetically when it is larger than the heat flux from thermal conduction.

We see that, in most cases, the heat flux due to classical heat tranlsport is less than
I(MW/m2 ), and in only two cases does the heat flux exceed 100(MW/m 2). However, we
note that the thermal flux due to radial mass transport is sub)tantially larger in several
cases, producing two additional cases in excess of 100 MW/m 2.

CASE II. AZIMIUTHAL MAGNETIC NOZZLE
The )arameter survey for this second configuration is not carried out here, but it must

lead to results that are qualitatively like those of Case I for thermal condIuction. The reason
is that, according to Appendix 1), the ion beta is of order unity, and concomitantly the flow
through the nozzle will be both trans-Alfv~nic and transonic, These were the fundamental
assumptions that led to the results of Case 1. Of course, the Reynolds number in Case,-II
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(¢.2)

TABLE 1.9 Radial Thermal Diffusivities ---.
from classical transport theory, Dihi,.,m

for a "beta = 1" hydrogen plasma with 7 = Ti.
Parenthetically is shown D, when it exceeds De,,,.

[See Note (a).] ev.A - 10 is assumed.

T[eV] = 1 10 100

n[cm - 3] = Di = 5.7 x 10,"  D'i = 2.1 x 106

(1.2 X 107)

1014 D' = 1.9 x 106  D =2.1 x 106

(1.2 x 107)

10l 15 = 1.9 x 10' D I = 1.8 x 106 D' = 6.7 x 104

-(1.2 x 107)

1016 D' = 1.9 x,104  DI= 1.8 X 105  Di =6.7 x 104

(1.2 x 107) (3.8 x 10r)

ol'7  D =' 1 1.8 x 104  DiL =67 X 104

(3,8 x 105)

1018 De 6,0 x .. D14 6.7 x 104

(3.8 x 1o)

D10e- 6,0 x 103  DII =5.7 x 104 -

(3.8 x 105)

N ote:

a) The ratio of the thermal flux associated with mass transport to the heat flux. from thermal conduction,
for/= 1, 7, = Ti T, is (!L))/Dterm, times (T )( , ,

b) The blank spaces lie outside of the fluid-plasma model, either because eC?.A is too small (at low
temperatures) or because the mean free path is too large (at high temperatures),

imist, be defined in t erms of the coaxial spacing between the inner and outer electrodes,
A. To6 the extent that A is closer to 10 cm tla 102 cm, the Reynolds numeirs will l)e
smaller amid the wall heat fluxes will be larger by a factor of ten.
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TABLE 1.10. Reynolds Numbers for the Thermal Diffusivities
in Table 1.9. (Here,'(M) 1.4 x 106 T" 2 and a 100 cm)

(See Note.)

[V] = 1 10 10(

n[cm- 3] - i1 3  245 211
(11.6)

S1014 73.7 211
. (11.6)

1015 737 246 20,900-(11.6)

1016 7,370 2,460 20,900
-- .(11.6) "(1,160)

1o 7  24,600 20,900
(1,160)

1018 7,380 --20,900
(1,160)

11P l -73,800 24,560
(1,160)

Note: Reynolds Numbers due to the thermal flux associated with radial mass transport are shown
parenthetically when they are smaller than the Reynolds Numbers for the thermal diffusivities in Table 1.9.

A qualitative difference with Case I as regards thermal conduction would arise in the
event that D'L is the dominant difftsivity when e 1 1, but is no longer the dominant
diffusivity when 13, S w/m . Such situations could arise in energetic operation of
coaxial plasma guns (- 100 eV ion energies) wherein the electrons do not have sufficient
time to heat up to near the ion temperature (see Appendix E). This situation should he
monitored in a nmore detailed transport study of the azimuthal magnetic nozzles. Finally,
it is imlortant to note that the thermal flux associated with radial mass transport should
be considered in azimuthal magnetic nozzles. This will be quite different than in the
meridional magnetic nozzle when the electrons are magnetized, as discussed in an ealier
section on mass transport.
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TABLE 1.11. Estimates of Lateral Classical Heat Flux
and Thermal Flux due to Radial Mass Transport

in (MW/rn.2 ), from a f = 1 Hydrogen Plasma for a
- Nozzle with throat radius a = 102 cm.

(See Note.)

T[eV] 1 10 100

n[cm - 3] = 1013 2.5 x 10-4( .) 9.2 x 10- X

(5.3 x 10- 3 ) Z

1014 8.4 x 10 - 3  9.2 x 102  x

-(5.3,x 10-2)

i01 8.4 x 10-  7.9 x 10-1 2.9 x 10-'.
(5.3 x 10-1)

1016 8.4 x 10- 3 7.9 x 10-1 2.9
(5.3) (1.7)

107x 7.9 x 10 - 1 29
(17)

1018 x 26 290
(165)

1019 x 26 2500
(1650)

Note: The thermal flux associated with radial mass transport is shown parenthetically when it exceeds the
radial heat flux due to classical thermal conduction.

c. $Bp1 '.Bi.spot.; When the electrons are magetized (w,, >
,,i), aii additional channel for cross-field trans)ort is provided by electrostatic turbulenee.1 ci'

First discussed by David Bohimi who lPrOI)osed a diffusivity Djljh,, = -IL(I many
subsequent attempts were made to explain the origin of such a diffhsivity. Braginskii2

(in his Chap. 3) provides a qualitative explanation with a dynamical bwsis, and iliads
Dtoh, "' ,' A more systematic and detailed exl)lanation of llohm diffusion has been
set. forth in the book by lchimarurb. lie finds that when the electrons are magnetized, low
frequency electrostatic turbulence across the magnetic field produces a difithsivity given by
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(for strong electrostatic turbulence),

1 C(TeTi) 1 2  1 Ti 3" 2 , m (1.50)

321r eB +TJ me

The expression is valid when a certain parameter, &*, is much larger than unity. The cv*

parameter is given by 2
- T, %___ (1.51)

+ = i + p ,

where T, and Ti are respectively the electron and ion temperatures, and Wpe and Wc

are respectively the electron plasma and cyclotron frequencies, Wpe = (4lrne2/mn)1/2 and
Wce = eB/mc, in cgs units. If we assume that Te =.Ti, the condition a* > 1 cm.- be

,reduced to-

vi <

where vi is the ion thermal velocity, )3 16irnT/B 2 is the plasma's total beta, and c is
the speed of light. For hydrogen plasma, this can be written as

T( eV) << 10"3 . (1.52 - a)

This condition will easily be satisfied for the cases under consideration in this report

For hydrogen plasma, with T, = Ti, the Bohm diffusivity in Eq. (1.50) becomes

DBohm 0.2 -B(

The Bohm dilffusivity is tabulated for = 1 hydrogen plasma with T= Tj in Table 1.12.
It can be written in practical terms as

- DBohill 2 x 103 aL~B(Tesla) '

The magnetic field values utilized here for 14 - I plasmas are given in Table 1.1.
The Bohm diffusivity has a mueaniing fbr both thermal and prticle cross-field

diffuisivity. (Although the electrons are the formal participanits in this process, the ions
must leave the plasma at. the same rate, to maintain overall charge ,ieutrality.) We recall
that the particle diffusivity due to classical Coulomb collisions was given by

= OD', (1.54 -()
2

where
C2 C2 41rvi (12 1 i

pet1 = 1 4 (1.54)
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TABLE 1.12. Values of Bohm Diffusivity ( '2) for 13 = 1
Hydrogen Plasma (when electrons are magnetized, Wce > vei)

TVeVI 1 10 100

3] = -.101 7.0 X10(2) 2.2 x 106 x

1014 7.0X10 5  X

101s 2.2 x 105  7.0 X 10 *

[2.2MW/rm2 1

1016- 7.0x 04  2.2X 1 *

[6.9 MW/m 2]

1017 _x -2.2 x 104 7.0 x' 104

1018 2.2 x 104

1019X 7.0 x 103

Note- Only the 100 eV cases marked (*) are significantly larger than the classical thermal diffusivities
tabulated in Table 1.9., by a factor of 10 for it 1015  m -3, and a factor of 3 for it 101 cm 3 , The
corresponding Bohm heat fluxes are listed parenthetically [ ] for conditions corresponding to 1 ble (1.1j).

wit lie = 7rT/B 2, ,,, being the electron gyro-radius, r, = pe/Wev, and 1,,i is the
classical Coulomlb collision frequeacy of electrons with ions. Ilence the classical cross-field
particle difftusivity is

= / 2 2

for 7'0 Ti, Let us cnmlpare this to the I'lolm dilfisivity interpreteti in tile cotttext of
partticle diffusivity. J4uoi L-q. (1.53), we have

Dt oll, 0.2 U. 1 0.1 1-IN- 'Wr

Wee

The ratio of the latter to the fomer is

DvQ~ Pt " P tei
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which is 0.1 times thle electron nmagnetization parameter. Hence, when the electron
inagnietization exceeds 10, one expects the elect rostatic turlbulent. particle cliffilsioii to
exceed the classical value, associated with cross-hield mnass transport.

From the standpoint of cross-field p~article traiislort, and neglecting profile effects,
the magnetic Reynolds numbers givenl in Table 1.6 wvill lbe therefore degraded roughly by
time inverse of the factor 20 ~ when this factor is large conmpared t~o unity. (Note that
the values of the magnetization paranmeters in TFable 1.8 are only approximiate.) (Here,
we have used f~1,T, = Ti so 13, 1 We p~resent this informiation oil the Bohm
Rleynolds nunmber in the following table, b~ased upon Table 1.12. For this tabulation, we
take a =102 em for thle radius, and vj(E"£ ) = 1.4 x 10' 711/2 for the ion thermal velocity(CV)
as rep~resentative of the flow velocity through the nozzle.

To simmarize thle resuilts of this sectir, onl Blim transport, we see from Table 1.12
that Bohi thermal diffusion only rarely .onmpetes with classical heat diffusion in the
parameter ranges considered. Moreover, we observe from Tialble 1. 13 that the Reynolds
nunmber associated with Bolim (lillusion is sullicienitly large in all cases that fractional heat
and mass losses from the p~lasma during flow through the niozzle are quite smnall. Note,
however, that the lateral thermal flux associated with Blim mass transport is complarable
to the classical heat flux (where app~licable) and greatly exceeds classical in two cases
at 1 00 eV. (Compare Table 1. 13 with Tab~le 1. 11.) We conclude that Blim diffiision is
generally unimportanit i the p~aramieter' range considered here. However, it is important. to
qualify this coniclusion with thle reinider that the scale lenigth for diffuse profile gradients
was taken to be the nozzle radius (at the throat). For sharper gradlients the effect of Bohim
diffusion call be significantly larger as discussed ili the following section under convective'
translport [(ii): The Kelvini-ilehnhioltz istability].

d,,.PConvective Tran isport. We havwe already discussed a form of
axisymmetric convective thermal loss under Sec. (b); heat transport. There, classical
resistive dliffusion prodluced it radial umacroscopic fluid velocity that convected thermal
energy outwards. IIn this section, we go Oil to Colsidtel other' heat loss proe'Oces that may
be indluced by noi-axisymmetric fltti iotiutis trigger'ed by miacr'oscop~ic instabilitles. Thle

*most dangerous M111-type (i.e. macroscopic) instabilities tin a plasmia are those that least.
bend the mlagnletice field liues, or' t hat don't benid themi at all. This is because ener v is
reqjuired to bendh the magnietic field liles, and1t so such plasilua motions telld to hle stable.
A wvell known example of a stable pertiurbation associatedi with field-flne beidinig is thle
torsional Alfvchn wave. Aneapeotl,'ua otl~AVit wav'e is tile fite I. t~l1~
F'lntype petm btion~s are phisuna siazt'itat mveth field lilies perpenlicularto
themiselves withoutf benldinig thmu, or benldliug t hem thet least alnuouuut possible. Magnet ic.
configurations without ititigneti n' seal. are part iettlai'ly Siept ilie to flitte plrturlbatiohns
b1ecuse then irge volumes of mlagnetic Iluix Canl be cohlerenitly nmlovedprtilywtht
beniding. Neither the nwridiolud nlor the anti uti m uagimafct ozze po.ssesses ally aatwguetle
Shear, ill thme "pure" versionls of' these'Colifigurat ionls,

These unlstable flte perturbations prove to he driveil jlointly by Adverse irte
gnidients antd "bad" field line curlvatuire (e.g. hot phisut surrotnuded iii vtqtiibrtiwn by
field liles that "'re vonivex ouitwArds%). lowil as Nltverdumaiw itistabihit it q," Itheir behkaviir.
Call lie ,dtnwil to very sinilr (aliuost ideual ical) tit illst abihit ies oft hle Huylegh-limylor tYpe.
This wiulg uWl IN iadfVITCed frOmi- thIe Ct Md ikoaw SOt f~.wtil its1eclwgsdscsinl
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TABLE 1.13. Values of Reynolds Number and Convective Thermal Flux
(..,in MjW/rn 2 for Transport due to

Bohm Diffusion in 13= Hydrogen Plasma
Assuming T, = T?~ (RBohm, iK~ for a= 102 cm.)

TVV 110 100

ni[ctn-3 ] 101O3  200 200 X

(0.02 IAIIjV/nj2 )

iol4  632X
(0.06-1)

1015 2,000 2,000
(0.21) (6.7)a

1016 6,320 6, 320

101ll" 20,000 20,000

lot& 63, 200

0O' 201, (00
(670)

Only cases where the electrons aire Maegnetized (We I., ei) Are fiwjoin8llfON jJ , For fixed beta,

we note the $Coling, I?q,,,hjf j . s that 11jil is independent of tettpeestur and wekly depe dent o..
phtsma density in the, above tabulatioo. The ciiveetive thernwi4ixw is listed parenthetical~ly f(nsUmting a di(Ause
pre(Sen it- o( I - i/i) Only ( came Where W /1-#'q 2! 10 (see r~sbl L)-- The exrpresuio tabuated to.

aGwil/y.oxceeds classica theistial flux,

Irt~i Nas) I~aik.zd ulpt htlt ;witicijd of vit't kial wtrk U h' w l isi ~ d oppMA

* try..t 4C~~OUA ti thei hateral. wvills). jI1'lek ur ill lkditioll toth I t hykigl-Ttiylo'w

44'



type flute modes that can be unstable (depending on the radial pressure profile) due to
the had mngnetir curvat ire of Bo Pt. the outer coaxial electrode.] Such pertmrhat.ins
are closely related to the Kelvin-flelmholtz instability and to the shedding of vortices by
airfoils.

Finally, we shall mention that Kelvin-ltelmiholt.z type inst.a.',it.ies of flute parity can
be induced by plasnia-sheat.h effects, even in the abence of an externally-driven plasma
flow field. Thus, these instabilities may even be relevant to the meridional magnetic nozzle
although it has no zero-order flow in the azimuthal direction.

Both Rayleigh-Taylor and Kelvin-Helinholtz t.ypes of flute perturbations merit
consideration here, because they both can lead t.o the formation of macroscopic eddies
that. convect, plasmia across the magnetic field.

In the absence of a definitive and generally accepted practical model of the turbulent
MilHD boundary layer for highly-conducting (R,7 > 1) high-beta (/3 - 1) plasinas, we shall
consider here what can be said about. the influence of the above instabilities on convective
cross-field t.rarsport. (However, Demetriades has constructed a well-considered approach
to the turbulent MIID boundary layer problem for low-beta plasmar having R,, small. 8- )

In this connection, we observe that in a magnetized plasma having small ion gyro-
radius, and with beta Ro, large compared to unity, the presence of the magnetic field
may be expected to lend some degree of rigidity to the plasma, so that the character of
turbulence and convective transpot. in such a plasma may well be rather different from
the turbulence and associated transport in a neutral gas.

j4.ns~ti.it~ie.s~fthe fnyle - .h yt.'.Ty.e, The meridional magnetic nozzle imust
contain a transition section between the reservoir and the nozzle throat where the magnetfic
field lines and the streaunlines are luarrowing luwn, so that these !hies appear convex to the
outside, A core of hot. plasma would tend to be Iutstable ill this region of "bad Curvature."
IA\rt.her (lowlistreall, iu the throat sectiol, of the nozzle, the liles appear concave to the
ouitsicle, appearing as a region of "good curwturre" to t he core of lt plmni. (For example,
see Fig. 30.) Becatuse the iotetMia ,llergy driving the illtability, 611, r'ousists of ait
integral over th eitrire pl imsa vihlutle," tie st ability prope'ties of the plna oti a given"

. flUx tube will depend 'pom1 the integrated eitrvattir- etet (gKod amd bad) ml along the
field hies il that tiux tuibe, ILS well as depemidiig upom .the radi'l press -- gradients in that
..flx ttlbe., A shlmlar proMlem lits recent ly beeli formullated , umt mmot stolved] Ior time ease-

a tlasmna flowiog along 11d lines Wn a tCkamk = £or which the flowing jdasmm also
Slumples altermiat ing regiolms of good id bad eutvaturc (o tile- iulmer tmid. outer regious of

I the Imvmt ista ue, we 4sha 11Ike a simple "worst - 'e
aiet, eslimate ofrthe Ip"4Sile"

Q•t of I li •ht .im e ill a t iltl

effctof heIhte imde mmt4,iht 1m t fe ramustitim mregiomiiin order to imidicule thA
imlmmpwomimwe of a mmoe dt.uiled amid systemalil e amuuatio l t tlis tllrv ,."'We (miIMPash:.,
- .. . . . ..tha! m utathiy of this kild ini t .. iulm re tiotmd tahe ta. desltu .ltve "ff't

o i the eil l -.asmna res, RI'Voit. if Vare is mil- exer -tie .. (1'r e'xammple. it i. well. ku owl.
t: .• !hat ithetaqimehcs.' m alvly stoble mlg their Motgth !,eciaus, (if ioer c!mr\te.Vi lt Ix

* : -. turowi sideways to the all lwIamm v of . . ' ithe 41 rvtie 0
II1l I uimtlelic liriors aplied i time eud of tIhe pitdmi. We Also lote tht smtlicieutly short

wavdemmg his of tv heItye ylor liust a.uihity etmi lie parmt lly --m abi zeil hy tie . '1 ew

-.' idlt vd i ie t summally bwost imill lhe1 i. V.

.( :,.,. -,: .,. -: ., ,.. . .. .. . .



To proceed, we consider a simple model of an incomplressible fluid, unstab~ly stratified
iunher gravity. (The effects of compressibility will be discussed shortly.) From Ref. (8-a),
one can infer that the effective gravitational force is a centrifugal force induced by thermnal
motion along B, which is given to order of magnitude by

where vi is the ion thermal velocity and R, is the radius of curvature of a field line in the
bad curvature region.* In the presence of subsonic parallel flow, V1/ : vi, this expression
will be modified by a term / bItI . the order of magnitude and the scaling still will be

correctly given by (I56).
Furthermore, for -flute modes."(wherein the wave-vector lies across the shearless

magnetic field),,-it is e yito~s!o,.that the magneti field effectively drops out of the
*dynamics.

Now, Chandrasekhars- "d has prezented the solution for the Rayleigh-Taylor instability
in a d4ffusely-ratlfied medium (originally worked out byLord. Rayleigh). The growth rate,
', is found t'-bqgiven,, approximately by

N .. . -,\.':(

P V gQ (1.57)

where Q-1 is the scale length of the nstably stratified meditun. It is noteworthy in
the exact formula that as wavelengths increasingly smaller than Q-1 are considered, the
growth rate is not enhanced, but remains essentially as given by Eq. (1,57). Therefore, this
configuration provides an answer that, in some sense, completes the result for the sharp
boundary model of a heavy fluid superposed oti a lighter fluid, for which the instability
growth rate increases without limit for increasingly smaller wavelengths.

Let Us now compare the growth time, of this instability to the transit time, tB,C,, for
an element of plasma to flow through the section of bad curvature. In so doing, we shall
set* - =A,., (1.38)

where A?, is the representative radial scale lenigth of the unstably stratified plasma profile
in the bad curvature transition section. Let the axial length of the bad curvature section
be e8,C., then

Then, the number of growth times. available for this type of instability is giveln by (fromn
Eq's. 1.56-1.59)

uii V V 1

For tlow that is approaching the transonie condition, 1i" < Is,, and with (C'(, B 1e,
and with a suliciently diffuse profile so that A, < Re, one Would expect only at few

JFon the geertil expIession for the 8(uku'e of the-Volniplex ei ewllelley, W m MI'M wher
Wic and K tire the poittitkil iad Miketic kieigics L.'iitAd with ei ire dvifiei iwde , with uitifon•

alnd equal teilperat urei oobtins W io Or r., of uaaagnitude,
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Rayleigh-Taylor growth times to be availab~le (luring transit through the b)ad curvature
seclimn. Moreover, since flute modes (and thie closely related ballooniing modes) of ihis
gravitational type extenu noiitocally along field lines, the destabilizing tenideucies may b~e
mitigated by the effects of good cuirvatutre sampled by the miodes in the nozzle thiroat. rI'lhis
qualitative preliminary estimate of a lbenigil resilt needs to Ibe suipplemented by dletailed
qunantitative studies of the Mvilil) stability properties of thie lplasmia in the entrance region
of the nozzle. (For examp~le, we note that the sp~eedl-up of T"11 towards vi initially occurs in
conjunction with a decrease ini R,, so that. Eq1. (1.60) contains counteracting factors that
require sorting out ly detailed computations in order to obtain the net result.)

However, for ideally well-cofined plasmias, one could be dealing with a
§1haU-boundarynrofilt! ini which a core hplasia is suipported in transverse pressure b~alanice
by an external magnetic field, so that A, ~< R,. According t~o Eq. (1.60), this p)ure form of
the magnetic nozzle concept may then be subject to a large number of instability growth
timies during plasina transit of the bad curvatuire section. Thius, it. is relevant to consider the
snarip boundary vnrsion of this instability. (But note that the Rayleigh1-Taylor instability
does not require a free boundary, but can also occur in a stratified profile contained within
fixed boundaries.)

To this p~urpose, we consider a uniform, motionless, field-free, highly conducting
plasma half-space in the region x < 0 with a sharp free boundary at the plane x' = 0.
To the right iin thle half-space x > 0, there is a uniform, shearless magnetic field B.- in thle
2 direction. We study the most dangerous Rayleigh-Taylor i nstabi li ties (thus with wave
vectors in the y-(irection) induiced by anl equivalent gravitational field gx app~lied in the
x-direction. We limit the analysis to incompressible motions (with conmpressibility effects
disc ussedi thereafter),

so that, withuin the p~lasmla, thle linearized nms continuity equlation

--'iw6p 4- P0 V -61 = 0 (.2

impJlies no density perturbationms,
bpr* 0. (1.63)

(liere, ally cjuuutlfity Q ias beeti1 Split into Zero order anld iluet utatlig paurts, Q QO('T) +1SQ,

with 6Q q(x~) exP Ii(ky A)I.) The liticarized ilnonaeittni eqputionl reads, for W' 0,

IWO).611f + V611P h 0 (1.64)

(Wh~ere is thle unlit VC00toII in texdreto froil Which, Willi ;$wrotpressuibility,

IThe Solutioni of (1.i5) that vanisie ill lihe phisimma us xr -* Is

*Tme totad Ithud pr-irte pruhmttn is I he I

6 P 4 -N V1 sj 6'[) jO~,(.
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where , is the normal displacement of the boundary and we have used the equilibrium
-presir-hlm ce condition in the gravitational field, VP 0 = pogx.

To the right of x = 0, there is a uniform vacuum magnetic field Bo in the equilibrium
state; and the perturbation magnetic field satisfies V. 6B = 0 and V x 6B = 0. Hence
there is a fluctuating magnetic scalar potential, 60, with

6B = V6¢ (1.68)

and with
V 260 = 0. (1.69)

The solution of (1.69) having the form f(x)eiky is

= 6¢oe-xe'(kt). (1.70)

Here, we have chosen the solution that vanishes at x - +oo. It is obvious from the form
of (1.70) that

bBz, = O, (.1

so that the fluctuating magnetic pressure (Bo 61) vanishes in the right half-space, T. > 0.
Therefore, by continuity of pressure, the pressure perturbation at x = given by Eq.
(1.67) also must vanish.

6P = -GPo9 (.72)

Here, 6P is to be evaluated at x = 0 to first order accuracy. Now, 6P can be related to
6V1 through Eq. (.6,),

6P = iPo6V, (1.73)

and 6V1(w = 0) is related to the boundary displacement t, by

6VT = -iWG. (,74)

The use of (1.73) and (1.74) in (1.72) immediately produces the Rayleigh-Taylor dispersion
relation,

-(I.Trl)

corresponding to the growth rate (w =i'),

From what has been said earlier, we know that the growth rate does not increase without

li41it as k icrease,., hut is unaximizd fo'

k, ,.X (L1.76)

where A,. is tlie width of the "sluwp" boundary.
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Taking g -v?/R,, and k A-', the above growth rate Eq. (L.75-a), can lbe estimated

Thus, sice A, ~< R,, the instability growth time, 1F- 1 , will be much shorter than the
thermial transit time throughi the 1)ad-cltrvature region, i the case of a "sharp" b)oundary
profile. (For tB.C. = eB.C.! II we find PtB.C. from Eq. (1.771) agrees exactly with Eq.
(1.60).)

The ab~ove p~rolblem (can also be worked imcludIig the effect. of comp~ressibility, and
solved exactly. It is thus found that the effect of compressibility is stabilizing, b)ut only for
modes with wave vectors small enough that

g -- ks,

where s is the conpressiona.i. communication speed across the mnagnetic field. (Hfence,
.5Vi (ion thermal velocity) or (!A (Alfv~n sp~eed) for j3~1.) Tfaking g ;z v?/R, and

8 vi, one finds compressibility is impjortant. for global modes sutch that 1 ;:: kJ?,. For
larger wavenumlbers, k >~ Re 1, the incompressible model should remain valid.

Th le presence of such growing g-modes in the meridional magnetic nozzle opens a
channel for quasi-linear radial fluxes of p~articles and heat clue to "crinkling" of the originally
axisymimetric plasma boundary, i.e. a form of "convective transport." Unlike turbulent
translport in ordinary fluids, the convective transport, in this case is due to the coherent
activity of individual modes.

For example, the convective radial mass flux can be estimated as (6p6V), where
the brackets signif~y an average over the azinnut-hal (y) direction. Here, we shall use a
"4mixing length" Ansatz. Since bp =0 behind the "sharp" boundary in the core plasma,
its value within the boundary layer itself (i.e. bp at a fixed position, induiced by a moving
nion-uiniform profile) must be given by bp - - (dpo/dx) where (dpo'/da-) is the density
gradient within the b)oLUndary layer. Also, wvithin the bomudary layer (assumed to move
rigidly) we have 6 1 , = -iw ,. Since this is it purely growing mode with w =if', the
quasilinear mass flux b~ecomes

(hb) -- (4')1Ndpo/dxr). (1.78)

Using the mixing length eStiimat-C' for the n1onlinear saturationl limit., Ar, with
i dpoldxl -po/A,., and using (1.77) for the growth rute, we find

Also, Eq. (1.78), with A,. and I' givenl by (1.77)1 is equivalent t d(iffusive flux,

(bolsV) Dijv14vo/dw (1.80)

wimwme thme RayegiTyo-udc.dpurt Me (lii lsivily is gi venl by

DUT (1t/2



Thus, looking at the plasma from an axisymmetric point of view, there is an apparent
radial tnas flux in the 1)a(l curvature region, (hue to the develolmient of short, wave length
g-iode instabilities, on the order of the ion thermal flux times a small numl)er depending
upon the thickness of the "sharp" boundary. Of course, Eq. (1.79) is valid only -as long as
Ar < Rc.

The fraction of mass "lost" to the outside in this manner this manner, beyond the
desired axisymnetric sharp boundary, during plasmna transit through the bad curvature
region may be estimated as follows. The rate of loss multiplied by the transit time (tBC)
gives the amount lost (per unit length), which is then compared with the amount ,presenlt
(per unit. length).

fass los' ((bp6 V)27rrB.c)tBC eB.C. A, (.2
rr c ~ 2 YrB.C. (

in which we have made use of Eq. (1.79). Here, rB.C, is the representative ordinary radius
measured from the axis of symmetry at. the section of bad curvature. Since (A,./R,) only
enters by the one-half power, the original boundary of separation of plasma and field imust
be very thin indeed in order that the mass-loss fraction be small, since the remaining
factors are of order unity. Thus, the loss of integrity of the desired sharp boundary in the
form of crinkling, and the associated mass and heat transport (heat transport is discussed
below) out of the core plasma, present serious issues deserving detailed computational
study focused upon the entrance region of the nozzle.

In a similar manner, one can estimate an equivalent nonlinear heat flux (lue to these
instabilities, in addition to the effective convectioi of heat associated with the nonlinear
mass flux,

To(6n.V) ( (6p6V).

The heat flux itself is given by

,o(6vbT) = ,o((-iw,) >= -,or< - (1.83)

where dTo/d: is the zero-order temperature gradient in the boundary layer separating the
plasnia from the magnetic field. Comparing to Eq. (1.78), we see that the effective thermal
dilitsivity is identical to the effective mass diffusivity. Similarly, the fraction of heat lost
by the effective thermal conduction nechanism in Eq. (1.83) proves to be the same as the
mass-loss fraction of Eq. (I.82), to within a numerical factor.

lse of thie expression for I' in Eq. (1.83), with k - ', A ,- A,. and IdTo/dxl
%/A,,, yields a quasilinear radial heat flux (whether due to convection or conduction) on
the order of

q117'. (1TEi) ( ) = 2 X 1 ( I ',  ) ,/_
Thtis, for it A x 101" em"'- and '= 1 el', we have

2q 1j '  and ito,, 7' 100 Cl ,r~ t. 103'
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Thus, the higher temperature (and density) cases can lproduice very high heat loads,
correspomlingly larger thian in these examples to thie extent tlmt. n(c"? 3)/(1 /2 x 10'ois
larger than unity. hI any case, Eq. (1.83-a) can provide an estimate of such cinasilinear
heat fluixes. These. estimates are niot. very scinsitive to the sharpniess of the. plasma edge.

inl summary, the merichonal nozzle entrance regioni presents magnetic field lines of
bad curvatuire t~o the p~lasma, wich may then become stisceptille t~o inistabilities of the
Rayleigh-Taylor type. These instabilities have rap~id growth rates in sharp-bounldary
:plasmas, with attendant seriouts consequences for heat and mass translport losses according
to thle simple quasi-linear estimates given above. In ordcer to study these effects p~roperly,
3D MHD simulations are requiired and are recommended. Note also that, fluid viscosity can
provide a stab~ilizing influence on the growth rates, as discuissed in Chap. VT. Finally, we also
note that the azimuthal magnetic nozzle has bad magnetic curvature al. the outer electrode,
so that, Rayleigh-Taylor type instabilities may occur there too. In this connection, it is

-worth noting that special diffuse pressure p~rofiles inl Z-Pincli geometry can be stable to
these-instabilities due to the -effects of comnpressibilit.8a

ii) Instab~ilities of the Kelvin-Helmiholtz Type. -As in the
preceeding section on the effects of the Rayleigh-Taylor instability, we address our remarks
here primarily to the radial transport issues in the meridional magnetic nozzle. A recent
pair of jouirnal articless-e has made the important point that the electrostatic sheath
generated by a lplasma, nonminially at rest, in conitact with a (floating- potential) wall in
the presence of a shearless magnetic field p~arallel to the wall inducer, a Kelvin-Helmnholtz
instability just from the action of the sheared .9, x B drift velocity. Here, EF8 refers to
the radial space-charge field of the p~lasma sheath. This instability and its subsequent
turbulence occur spontaneously, in the absence of an externally driven flow field. The
ultimate source of free energy for this instability comes from the joint action of ionization
and heating in time bulk lplasina, which serves t~o charige up thle wall leading to radial electiric
fields that produce the sheared f, x B drift, velocity. Thus, this situation is relevant to
instabilities inl the meridional magnetic nozzle (except for the limitations mientionedi below)
with wave-vect.ors in the azilmthal direction, consonant, with thme absence of exterually
driven azimuthal velocity ill thle pulre form of' this nozzle Configuration.

Moreover, Theihlalber and IBirdsall'e found quiasi-linear modeling to be inapplicable
for the description of instability satuiration and tutrbulence (in contrast to our discussion

*of the Rayleigh-Taylor istability inl time lreceedling section), because of the shedding of
small-scale vortices away from thle p~lasmla sheath region. Instead, they found the boundary
layer always to be in an unstable condlitiomi and alwauys to be radiating small vortices away
(as well as to retain lar'ge vortices which coalesced). The balance between the action of the
insttability and the shedding of the smialler vortices allowed the plasma sheaith to maintain
itself inl a "turbulent steady state."

Here, we shall present a b~rief accounit of the Kelvim-TlChmnh1oltz simuitlationls of
Theihiber m 4' B irdsall and their impIlicatiohis or "anomalotis" transp~ort losses inl thle
ineridional magnetic noztzle. We remark that, these instabilities and their consequent
turbulent 1luctuations are danlgerouls inl the'samle way thait theile ig~yofutain
are dangerouts; that is, both types of fluctuations are able to take plave without benmding
Ihe ma3~gnetic field lines.

Theiilbiaber and Blirdsall have carried out and analyzed the resuilts of 21.) particle
shiiulations in slub gemaetry. The simumlationis were electrostatic, the magntic field was



uniform and shearless, with no curvature, particle electrons -and ions were introduced in
b1)lk and their orbits were exactly followed 'as ,influienced by 'the macroscopic electric fields
until the particles 'reached the wall, at which thiey were absorbed. An explicit algorithln
was used to advance the particle orbits on tlio electron gyro time scale. The dynamical
processes studied were of the tflut.e type; that. is, there -was no variation of -any quantity in
t.he direction blong the magnetic field. Because of the limitations of the computer, only
a few runs were perforned, and somie of the dimensionless paraaneters were unrealistic.
For example, the electron plasma-frequency to the electron gyro-frequency was taken as

Wpe/We -0.182. 1h realitythe latter 'quantity should be much larger than unity since' 112
Wpe/Wce =: (0,, )(c/vt), where 13e 8irnTe/B 2 , c is 'the 'speed of light, and ve is the
electron thermal velocity. Thus, even at temperatures as high as 100 eV, the electron beta
would have to be less than 10- 4 in order for wpe/we 'to be less than unity. Nevertheless,
this state-of-tme-art simulation produced new and important physics results relevant to the
behavior of bounded inagneto-plasnlas.

The linear instability of the self-comhsistent sheath can be understood from the
observations from the si'nilations tha. :tlhe Sheath 'thickness is about three ion-gyro-radii
(As - 3rd) and 'the sheath potential drop i's about twice the ion tenlperature (i - .2Ti/e).
Thus, the space charge electric field in the radial direction is E., 0,/A, ,: (v,)(!B)
where, 'i = (2Tj/mrn)l/ 2 is the ion thermal velocity. (Ref. 8-e uses vi = (T/m.j)l/2 .)
Thus, the guiding center drift velocity is V0 -cE/B ' 1t," The instability growth rate P
must be proportional to (V/A,), as these quaintities are the only characteristic zero order
quantities with time correct dimensional 'comnbination for the slow time :scale, fluid-type
growth rate. A numerical solution of tile lineaiZed equations yields

'P -0.04wci 0.4V0/A,, (1.84)

where woi is the ion gyro-frequency. This miaxinium growth rate occurs at a flute-;node
wavelength k. "I (in the y or 0 direction) on the order of kr~i ;Z 0.4.

We -now inquire whether such an instability can grow apl)reciably during plasma
transit of the meridional magnetic nozzle. Taking the transit time t, as t, ,, e/vi where
e, is tie length of the nozzle and v'i is the ion thermal velocity, the lumber of growth times
can be xpressed as

P. -- (1.85)
Vet

where "a" is a characteristic i'adius of the nozzle and A = e./a is the nozzle aspect ratio.
Here, we have hiade use of Eq.' (1.84) for 1'.

We see from iTable 1.5 that, for 8 -- 1 hydrogen plasmnas, the ion gyro-radius ?-,i can
be on the order of 1 cm for ensities ill the range of 1013 - 1015 em "1- and re is even
smaller at higher denisities. Thus, for transverse dimensions on the order of 10 102cm
anld nozzle aspect ratios of 10, we find that the ntmber of growth times caii range from 4
-to 40, or even larger at higher densities. Thus, the Kelvin-Iehnlholtz instability should be
expected to be preselt, in the 'azimuthal direction in the meridional magnetic nozzle,

According to Ref. (8-e), 'the nolinear turbulent state of this instability indeed
coO riblted to cross-field tranlsport of l)lasuna, but Iot directly by mIteams .of' t he cohlerent
v'ortex st'iict lives. The acthid t'rallspol-t neclianisnt was foniad to he dte to the colncollitalt
existence of hicoherent turbulence at short length scales, where it mailfested itself as
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Bohm transport. The Bohin transport allowed electrons to migrate from the interior to
the outside of the large coherent vortex structures, and thence to the wall. Without the
Bolnm transport, the electrons would have remained trapped in the vortices. Measurements
from the simulations gave the result (in cgs units),

DB Ohm - .04cT/eB. (1.86)

This Bohm diffusivity, DBoh, is about one order of magnitude smaller than that given
earlier in Eq. (1.53). However, it. acts over a much sharper gradient, only a few ri wide.
This leads to a radial cross-field mass transport of order

an. 1 cTi n 1
(nV) =D'ohm - - - - Invi (1.87)

Boh 25 eB 3ir~i 150

where vi = (2Tj/mi)1/ 2. Thus radial mass transport through the plasma sheath is some
small fraction of the ion thermal flux.

The fraction of mass lost. during axial transit at velocity. V1 ' vi through the nozzle
in this mamer is clearly given by

1 nvi27rae, 1(

Jfmtass boas 15 1 -a - A ([.88)f,,, tss""150 nira2 vi-7 A

where A = (/a is the aspect ratio of the nozzle. Clearly, for A S 10, the fraction of mass
(and heat) lost in this mannier should be negligible.

The actual transverse heat flux due to this kind of Bohmn diffusion, q'ohm, is (using

qBoh -0 X 2 x 10-15n(cm - [)  . (1.89)

For v x 101" cm.' and 7 = 1 eV, we have qBohm j L [ ut for T 100 eV
we have " 5 x 10 0 0 [A , 6t "'). Thus, these kinds of heat fluxes do nto seem

very oerious due to th, sniall numerical factor in front., except at much higher deusities.
n~~cm-:l)/ 1i0's ) -> 102.

We conclude this sub-sectioll o tihe Kelviii-Helinholtz instability with the remark
that., although we have considered here only the weridioial magnetic nozzle, the azimuthal
magnetic nozzle also will be subject to such an instability and also il a manner that does
not bencd the field lines, "PO address this issue, the simulations of Ref. (8-C) then would
have to be extended to incltde kill externally driven p~lasna flow field, ancl reiiioval of lie
"floating potential" assumpltion on the walls, since the walls are electrodes connected to
anl exterual driving circuit.

iii) .. S4m.tillary d m.(l mmwmmti pu (Ao, ivect i\ _Trants ort. It,
was pointed ot that, tihe eutratuie region of the ineridionda unagietic iozzle hias bad
magnetic curvature and is therefore susceptible to flute instahilities o1t ll ayleigh-Taylor
type, thus leading to statiomary deformations ill the azimuthal direction, For general
dill'use prohlies, it was estimlated that probably only a few inistability growth times would
be available d11i1g tralsit, of the entrance region, so that diftise profile conligurations
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would proly be immune to the consequences of Rayleigh-Taylor instabilities. However,
shap, ly defined plasma profiles with a free bomudary woitld be vulnerable tn the rapid
growth of short wavelength instabilities with wavelengths on the order of the Iboundary
layer thickness. Even pressure-gradient boundary layers that extend right up to the wall
without a free surface are vulnerable to this istabilit.y when - < 0. The linear growth
rate of such instabilities was estimated by Eq. (1.77), the quasilinear mass flux by Eq.
(1.79), the fractional mass loss by (1.82), and the quasilinear heat flux by Eq. (1.83),
and Eq. (I.83-a). These equations can be used in conjunction with Table 1.1 to provide
estimates of these losses and heat loading of the walls in association with conjectured
examples of thrust pressure and thrust power, provided that one has an estimate of the
boundary layer thickness. For the latter, one might consider the effect of classical resistive
diffusion as expressed by Eq. (1.31), adapted to the region of bad curvature of aspect ratio
AB.C.. Then, tile factor 1/Re in the above equations becomes

_,,B. (AB.. l/4 r--B.C.

S Re R,1  VR

where rB.c. is the ordinary nozzle radius in the region of bad -'rvature, anid R, is the
magnetic Reynolds number in that region.

The determination of the boundary layer thickness by classical resistive diffusion
assumes that the ion gyro-radius rte is munch smaller than any characteristic length
in the fluid model. However, in Table 1.5, we see that many ( 13 = 1) examples
(n _ li s' - 1015 crn- ) have i-,i on the order of 1 cm which is not all that small. For
situations in which rei exceeds the classical resistive layer thickness, i.e., when

>ci >

then one should use vri as the thickness of the boundary layer if the ions are magnetized.
For instance, from Table 1,6, we see that for T 100t eV, one can have R,, > 105, and from
Table 1,5 we see that rj - 0.5 cm for n -. 10' cmn.- . Moreover, Table 1.8 shows that the
ions are magnetized for these paraimIeters. Thus / ' '/R, For Vaj 1 cl ard

R, - 10" c71., Eq. (1.77) becoles

allowiig on the order of ten ll yleigh-Taylor growth fillieS' ill the enmtrince regioll. Eq.
(1.82) for ll li and CLIt,¢, rn,. yields

a 1w tiMes 0.1,

The heat flux to the wtll provided by Eq, (1.83-) hecomues

x~'" 107i t(etl 'l ~ ~ "
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(1.89). The fractional mnass loss appears t~o be negligib~le, and the heat loading of the lateral
wnll appears to be modera~te except at hiighi densities (Z 1017 Cm3.- ) and siniiiljtRmieo11.ly
high temlperatures (~- 100 WV). The heat flux equation call be used in conjunctiOnl With
Table 1.1 to provide estimates of thie wall loading inl association with conjectured examples
of thrust, pressure and thrust lpoA\ Caution is advised in the use of these results because
they were obtained in simnulations with unrealistic parameters. For exampllle, Ichimarul7 a

assunmed that a* > 1, equivalent t~o w ~ 11~ ' where w, = (4lrrn~e2/e 2 i h
electron lplasnifa frequency; whereas the simul11ations in Ref. (8-e) used Wp,!WCe K< 1. This
discrepancy may account for the much smaller lBohin transport olbtained b~y Ref. (8-e) ill
comparison with the theory of Ichinlarit. It is an open question whether' there results of
Ref. (8-e) will remain valid in more realistic simulations or over a more extended range of
parameters. In a simulation for which wpe > W,,, it is conceivable that the Bohni diffusivity
would agree with lchimaru.

Finally, we renlark that the azimuithlal magnetic nozzle may well be vulnerable to
both Rayleigh- laylor and Kelvin-Hielinholtz instabilities, as miodihied b~y the presence of
externally driven axial flow, and electrodes not. at a floating potential but connected to an
external circuit. Such i nstabi li ties would consist of axisynmnietric deformations in the axial
direction, drifting axially. Their initiation and nonlinear behavior canl be examined with
time-dependent (i.e. initial valite) 2-D MIlD or lparticle simulations. The latter would
be prefer'able in order to be ab~le to monitor the stabilizing effects of finite Larnior radius
ion orb~its. Properties that, are sensitive to this axial p~lasma translation are electrode
resistivity, electrode surface roughness, plasnia viscosity, and[ axial non-uniformnity of the
electrodes associated with nozzle shaping. These properities should be included in a
realistic simulation, and in analytic miodelinig of the iHayleigh-Taylor and Kelvin-Helnholtz
instabilities in the azimuthal itozzle.

* The azimutthal nlagnefi( nozzle may also be subject, to n1olnaxisylmmnetric instabilities
as iallifested ill radial spokes or arcs. 'These depend heavily onl the Hall effect.. They
have been stiudied, bothl analytically anid inl simulatioij, by Demietriack5es primarily inl
Conniectionl with1 MillI) gener'ators, Such Stiudies are~ Viduale aind shuid be colitinuled anil
extecnded ill their ranlge of' paritilleers.

2. _Radliation Losses. The general conditimlnfo radiationl losses to be relatively
Small mlay be state1 wt. follows. T1he enlergy lost by radliatioil from a Sample of plasima
during thle trallsit. by that sample thluotgh the nozzle shouild lie smanll compared with tile
enlergy conitent. of tile Sample. This genleral coniditionl has to be stated ill two differelt,
wiys' depenlding onl whlether thlt phismna is optically thin or optically thick. Also)(, as ill
thl previo 'ect ion Onl transo'port, one shouild monitor the radiation flux incidet.uo
miaterial bomidarips.

Ill order' to pr~ovide a Silrvey of Vondit iolis nu1der Wilich plasnmas atre t o he regart-Ae as
opticalily thinl or optically thkick. A. S~ gro has i ehd mn opocity ecltc lmnilt b y C,'oop1 T='
4 at Lo. Alaintis. Thiq vtonptiter code calvidltes inornialized absorpt ivit ies ( Hossehl ift
anid Plamiwk)'_'O Wht'. inl this case for hvdrogell phoissna. Thel lHosselikild 111tid
L'is111C citiilm Which sliiii ly applifN to tilt eqtliibirhn IlasIlla enivisifimwdt ill file

.1-servolir of tile Ineridionl mi 1gitlic litzze. lbiwt'ver t his Sho,11ulie at least indficiAtive
of lit paity oif I lie pilusimna il t he i.nle itse-if, A amore ctmupelt physic. ldescript iti n
requilre.S the Solutionl of thle etuimiionls of radiative t ralisier withidmi he flow filold, and 4, hat.



kind of detailed investigation is beyond the scope of this report. Table 1.14 displays the
oil put of the Group 'T-4 opacity code in the form of Rosseland and Planck normalized
absorl)tivities (in cm 2/gn) for various ten)eratures, T(eV), and various electron number
densities, ne(cM-n), for each temperature. The corresponding optical thicknesses, LRo,
and LPI,,.,k (in cm), are obtained with the aid of the mass density p(gm/cm3 ) ill all
obvious maner.

For plasnas with a temperature of one to a few eV, one sees from this table that
electron densities above a few times 1018 cm- 3 are becoming optically thick for transverse
global dimensions larger than 10 cm.. According to Table 1.1, this transition occurs for
thermal pressures above about 50 psi, in the neighborhood of t eV temperatures.

On the other hand, for plasma temperatures of 10 eV or higher, the plasmas remain
optically thin (for transverse global dimensions less than about 102 cm) for electron
densities up to about 1019 cm- 3, corresponding to thermal pressures up to at. least several
thousand psi. Such densities are within the assumed range of parameters of Table LI. 1. -
- Therefore, when estimating radiation losses, we always shall-use the optically thin

* model for plasma temperatures of 10 eV or above; and also for 1 eV temperatures for
densities below 1018 em- .But we shall use the optically thick model of a surface radiator
for densities above 1018 cM-3 for temperatures hi the I eV range. The intermediate range
of 7t _ 101 8 cM-3, T - 1 eV, is more correctly treated by solving the equations of radiative
transfer, but that undertakinig is beyond the scope of this report.

Incidentally, one generally can ignore electron cyclotron radiation as a loss channel
here, because, for the range of parameters considered (see Table 1. 1), the electron plasna
frequency greatly exceeds the electron gyro-frequency, Wp, >> Wee. That is, radiation
cannot propagate out of a plasnm unless the radiation frequency exceeds the electron
plasma frequency, and this is not the case for the electron cyclotron frequency or its low
harlonics.

a. 0p1teally__Thin Case. From Chaptter I of Classtone and Lovberg, l° the
power per ireit vohune from breinsstrahlung radiation ill a Hydrogen plasma of density n
and tenperature T can be written as

::z 2 x 10- 2 5 n1(C- ) q/ 2 (eV)j[erq Cm 3 S -"]
-2 x 1O- 283n2 (e? 3)'lT/"(e1')[,atts m -  (1.90) ..

(In this prelinmjlury siurvey, we ignore line radiation and impiuirity radiation.) For a
eharaeterstfic distatie i tIlleters] to a tuiateriail surface 11o-n tile center of the plasna, a
roiugh estiunate of the radiation power density P,, incident on the surface is (by assuming
roughly spherical synnetry),

, rn) "2

(Approxiuatcly the same relation is ohtained witholi natkiiu. th litssiUlt iou of spliptical
symltletry. For we l raio s A - 1.2.... 5, one linds respectively .a md " ' ti
.:.. U,.cyliidrjie&&l uidel, Tll slpierical wodel for t-1 is il*'qttt e for tis st lin st Idy.

hi Table i.lr below, we tablite tle radiatliou power deuisitiks On t he .IterIl
" ail .WeOcdilg to Eq. (1.91), ill inits Olf Alt., *r' n r I uikel'.-

. " : .. • 4 6
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TABLE 1.15. Bremsstralilung Power Density (AMW/r'1n 2 ) on the Lateral Wall
Assuming a Characteristic Dimension of r =1 meter

(For 7T = I el", n = I0"', and 10'9 rmK3 , the "optically- thick"
model is used, iii which case the edge temperature of

the plasma can be influenced by thermal control of the boundary walls.)

T[eVI 1 10 100

n[cnr- i 6.7 x 10'(-') 2.1 x 106 6.7 x10

10 6.7 x 10-5 2.1 X 10-4 6.7 x 1-

15' 6.7 10-3 2.1 X 10-2 6.7 x 10-2,

1016 6.7 x 10-' 2.1 6.7

1018 (01A. thick) 2.1 X 104 6i.7 X10

IoI (0 1At. th )2.1 x 100 6.7 x 108

- -( 'ilmiip~Ig W ih I'.ille 1,1 1, We se I Ilt idll- 1' Iiirgev th lo 01. t.(ll to 11) eV,
tlit* utidititioti %hull file~xc e1 ivat waill 1oaf6 fo tolt m dc',ifies jW14 1s or 1v e Itl f 1011

wel, '~I disity iidviII ip t qw a -arbly (1 Iiweter fdkttit) W4411 W~ill v(pl~t -or v ' oil It
ortlei' st owlto Sevelrad titllfred ttwegatwit t p0~ wv Illetriv flu' 4k. Ccen, of ciisSicad

* ei.al~~tt tilt' liilher delsities, lito-we'ver, sutch t wi&tiug fdssities-wRi be Illove 01109
'predlided alyway ly Ihe It eesil y 11of to i'10 iAe 116644ti~1 tlherovtd sttergy b)- rda~ It
Ifrutilthe~ phl-milit 4ttiiog" 44. t.rtw.it thcollgdt the Eq.le (OM tll~~17 elo*W.

ihaitt l -1-11~c 1lt ! iin he 1- . 14~ds icidt'tt oll the hmitre t h
OIllivttlly tlhi Ca.se, we 1itil nto ile pltov lnv;4 i ph)iVSS .siue of the ft ctmioltid 4Attttot l'
ceigy'IM fbit ou the phsstr 1) a~ k61 hyndht oint' the poss114 titlsil thrmsigh 11w to e-V

*A cliziraelt-vit, j imiefit 4. for etleav. coy 1w 61illuti- is
a~~ ~ It

N3

* tihettid uetv pe tuit e~tuw),



Conmparing with Table I.11, we see that for T1 larger thian or equal to 10 eV,
tlh' rwdiatiori wall loads exceed the heat. wall loads for ion denisities equial to or larger than
1016 CM-3 . We see that for p~lasmna densities upwards of 10'" cm-', the brenisstrahilung
power density incident uipon a nearby (1 mneter distant,) wvall will equal or exceed on the
order of one to several hundred megawatts per square mneter, far in excess of classical
heat fluxes at the higher densities. However, such operating densities wvill be m~ore or less
p)reclude~d anyway b~y the necessity not to waste the initial thermal energy by radiatinig it
fromn the plasma during its transit through the nozzle, "~e Eq. (1.97) below.

Having discussed the radiatioii flux loads inxcidenit on the boundaries in the
optically thin case, we return to the more basic phyvsics issue of the fractional amiount. of
energy lost from the p~lasmua by radiation durig the plasma transit, through the nozzle.

A characteristic time~trent, for energy loss by brenisstrahilung radiat-ion from
the plasmia can be estimated from

(therm al energy per tu ' ' t vo u e c s = 2.4 X 1 1 7,(/2 ) [ e .1 92
(radiation power per Unit voltlne),.98  n(cnr 3)

TPhe tr ansit time through the nozzle is estimated as

The ratio of these times is

u~en '3 Cm)(L )

The coiflitioll requkedw. for r'adiationa losses to be f ract ionad ly smull iii the
oPtically thkil Cawe is thell

l'Lot (_ - iU emi we thus", require

Mill evo.'m lowrt, fori~i't ~ larpo!~r fal loltip I.,; I%,e.d yttii(M
91. .Ot~ Y liv ~~Au itte -i, it M Ioilo S

ai1 jui~lly tltifk plasmia, .4iimlly (delset' mid ,older thall I 1w 'lil sog h 1
C).tt4le5. hith ~ 5' II%; U'w. liiI vtstI holtL'tit rmiti it'l 16 A isorlw wI W1. hiti Itle pbeim S uliinw#

~ tn~ttit' ~as~i~ind~ o 1 ~t~om~w' idi~tal w 1 'thau -t Vitt va.,mwtw
ii he Iatv phllo 6 ai stirae' r~d; tor'I Ii he'e o aqliv&' (44r I here. Witl li o. s

to iwf;'vtiwu ~~aou~h to rodue 4il1 ' v hpifiiiu iol O r thh~tivie jnu 1'b Iin



described by the power emitted per unit surface at. the plasnia edge, having tenl)erature
.TI ,,,as given by the Stefan-Boltnzmann law,

Prod = OSBTegc(K)[Watts per m2 ] (1.98)

where the Stetaii-Boltzmnam comstant., *, s , is

i SB = 5.7 X 10- 8 [Wat.ts 7n- 2 (K)- 4]. (1.99)

Since 1 eV ;, 104°K, the surface density of radiated power also call be written as

Prad 6 x 108Tdg(eV)[Watts m 2 ]. (1.100)

Thus, an edge temperature of 1 eV implies 600 MH:I'/nm2 of radiation energy flux on the
wall. The use of this formula assumes that T 4 <<,, T , where TI is the temperature
of the hot side of the wall next to the plasmna. rhe use of this formula also assumes
that the mean-free-path for photon absorption in the plasma is small compared to the
temperature-gradient scale length in the plasma. When the optical absorpion length is not
small compared to scale lengths in the plasma, the Stefan-Boltzmann law loses validity
and one ntst, solve the full radiative transfer equations.

Now, it is iuportant t~o note tlhat this loss process depends very sensitively on the
edge temperature of the lflasina and is independent of the plasia density as long as the
opt.ical absorption length is short. In contrast, the radiative loss from the optically thin
plasma depends upon an integral over the bulk plasma, and is very sensitive to the plasma
density. For this reason, bremsstrahlhng radiation from an optically thin plasma and the
associated power density on the wall will be hard to control by profile adjustments, for a
given operating density in bulk. However, in the opticilly thick case, there is a possibility
to control the radiative loss by controlling the edge telp~erature of the plasmia, This
thermal control prioblem in principle amounts to a detailed engineering calculation, but. it
can:be scoped out schematically as follows.

Let, the boundary wall have a thickness A. Let T11 he the tenlerature of the hot
side of the wall. Let the temperattre '( oil the cold side of the wall be imaiumtaiied
by a circulating coolant, or by a heat-pipe arrangement. Then, in the steady state, tht
•temperature profile within the wall is linear, and the heat flux through the wall is given
by

qw v K 'l A-'b (1.101)

w~here Kil' is tihe thermal ilerhlliticity of the wall t1tald,61. (WV assUimit irr Simplicity thmit
K'w is practically inldepemldetit of temperature.) Also, assunming that radiation dominates
t.hermal conduction, then,

S qm- ( 1.102)

where .Ted is the edge temperature of the plasma (not gelerally eqtltl to the wall
temperature). A specification of qw then determitues I "T '1k'), mnely,

60-



A specification of qw also determines the edge temperature of the plasma from the Stefan-
Boltzmianu law, provided that radiation is the doninant loss process. This law then
constitutes one of the boundary conditions for the plasma in the optically thick case.

For a given P,,,l - qw, the restriction that TH should remain below the melting point
of the wall material puts an upper limit on the wall thickness A. More detailed engineering
calculations also would have t.o take into account the differential thermal expansion in a

* wall of given shape, together-with the associated strains and stresses, as well as the detailed
engineering mechanisms that determine the temperature of the coolant To.

For example, given an engineering estimate of the heat flux that. cali be handled by the
pimping of coolants or other means, qw is given. Then, for a simple example with T/1 :.
TAI.p. (the melting point of the wall material) and assuming that To << T1A .p., an upper
limit to the wall thickness is determined from Eq. (1.101) as A :- Pw TA.p./qw. Moreover,
from Eq. (1,102), one has Tedge = (qw/asB )1/4 which determines the edge temperature of
the plasma. In practical terms, Ted9 e(Cj") =(qw[jm.2}/G x 10)'/4. Thus, considering
plasma radiation incident. upon a copper wall, assuming qw 100 MW/rn = 104 lt/CM2 ,
Kw = I cal cMI./(cm.17 s,) = 4 ti.s/(cm.°.'), and TAI.p. 10 " .C, we find A ; 0.4 em
aud T,,d = 0.6 (V. For qw = 10 AIV/ an 2 , we find A 4 em and Tdge = 0.34 eV.
Thus, in this manner (admittedly oversimplified), one can attempt to exert some control
over the radiation wall loadings and plasma edge temperatures, for the parameler regime
of optically thick plasmas.

To conlilue our discussion of the optically thick case, we now want. to write down the
condition that ensures that. the energy lost by surface (blacl body) radiation during the
transit of the nozzle by a giveln portion of plasma is small relative to the thermal energy
content of' that polltionl of plasmt. The charact.eristic time for loss of energy by this means
from it spherical plasma elemeit, of radius r cma be estimateed as

3 [.... ] X12in) -. - --i ) r(cm)sve.I (1-104)

where T is the billk plasnm teliperat urt' Alld Tg , is the edge plasnla telitj)eratuAv (The
result is almost the samie for a yhidrical vol.m1e of plasla.) The trnsitl, tittle through,
the ",oz l, is t, lt, The ratio of these times is routglly.

- " 1 - ,

•~ l,,. " I is I l !' q.Ct rat io 131' tihe ut h'/,Ie. T' o ldit.iti wha! this I 'mI r Iti ' ,iw s .

" iN

et ' tu. 1 cail hal' w ritten li aini iippte t" liii O in the j ed|g leiiiteval t le of h l.l l i ht.,Jill i4 i e y .. .;

U 1 .~ . . :t), .

Of )t istnoi ', ti lt iit eiie il teliilitmrtittisirt i d n lit-1m l et T t re ridsi 'sit l he re it, .

r'spod to oplivikdly, thick coidit inis, This neakiils that radtil itil iraiilpot disit it's.
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must lbeshort compared to nozzle dimensions. The need for anl upper limit on Tedg, imlplieS
f-te -'d for) anl lpper- limiit onl the heat flux carried away at the boundary.

11. DEVELOPMENT AND APPLICATION OF A CODE FOR STEADY
IDEAL MUD FLOW THROUGH MERIDIONAL MAGNETIC NOZZLES

A. The Basic E~u ations
Ii Appendix A, a brief derivation is given of the Bernoulli equlation, anld thenl

it~s consequnces for nozzle flow for the case of long, thin magnetic nozzles. Ill the
present section, that treatment is auigmented by a full 21) derivation of the procedtire
for dieteriiig self-conlsistently the transverse and longitudinal profiles of magnetic flux,
mass density, velocity, and thermal energy (enthalpy).

W~e begin by writing down the Ideal MHD Equations for Steady Flow.

pVV+-tVP= J xB (TM.)

V .V(Pp 1 ) =0 (11.2)

V B0 (11.4)

V x(V x13),-= (1.5

Ini tile following t teatitit 1) refers4 it tile ignothle nziltt had vool-diliate, anld r refers
to the rua disclt aee frot t ile axis ofspyllunetry. Ausmiuingu xisyntmetry and Ve Do 0,
E (s. (11.3) anid (11.4) call be sutisfied by cdfining

wilvivI I is he' ,; I'vatill 1f11im I'l) fut lit- ,i lix auu114Igo is thew streami tilit ionl for tile
maiut 1lux. Phigig (1.1.6),;0A (1.7) into 11.5) gives

wiiu imp ies t hat V n mit %Vre fuutctiomidlyth -vtd, i.e., '1 ('U). T h'Iis imiplies ti I V

IN :7 NA, V to t x V# 4# p



Using the identity V. VC- V V- + (V x V) x V, Eq. (11.1) can be rewritten:

1,72
Pv- +VP+(VxV) xpV =f xB. (r1.9)

2

Equation (11.9) scalar-multiplied with V implies (since V is parallel to B),

pV.V- +V.VP= 0,

which can be transformed into:

using Eqs. (11.2) and (11.3).
Equations (11.2--4) and (11.10) can be solved analytically to show how everything

varies along the streamlines relative to the throat of the nozzle. Taking y = 5/3 and using
(1 )0 = 0 which defines the location of the throat., after a little algebra one can derive:

B F' (11.11)]/

130 V' 3 3 ].

PO [3 3 \VoI

Where Bo(U), an(U), Pp(() aid i,(t) are the values at tIhe throat of the nOwZhk Which is

also tlit, Maclh I surface V c ! V (See Appendix A for it demiitistratio that

EquatioI (11.11) 4&n heti veited t1si1g the (I Iartic fwrl uiLt

"31

"lli 1st o ti-kp Su .ttiv (ao 11% flow,..
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Equations (11.12), (11.13), and (11.14) express Vp, and P in terms of the magnetic
fivd id r iey are plotted in Fig. (Ia.).

For a p~araxial flux tub~e which is thin enough so that nothing varies over the radius,
these equations give the comp1llete solution to the MHlD equations (1-5,the quasi-i-

Dsolution. Ini addition, these equations (11.12-14) represent exact, relationis between thle
variables, along any streamline, for tite full 21) problem. The positions of the streamlines
themselves can be determined ini thle manner described below. For thle moment, p~retendhing
we have paraxial flow, we show ini Fig. (1b) a quasi-I-0 solution for a nozzle formed by a
paraxial fluix tube lproditced by a single unit, radius coil, for which B/BO (I * z

For a full 20 nozzle configuration, radial profiles are determined by the perp~endicular
(cross-field1) component of Eq. (11.9). Ini order to utilize that component, we first integrate
Eqs. (11.2) and (11.10). That gives

V2  yP +y POWU)
-- + - =i1(j) Ea -- * (11.15)

2 -y -Ip> ( 2  y - - po(U)

and
PP~ S(U) Po(U)Pu()'. (11.16)

Here, 11 (1U) is the eithalpy of the mnlagneto-fhuid, and S(11) is closely related to the entropy
density of the fflid.

Equation (I1.16) can b~e utsed to express time prstr gradient as

VP (11V

Conmiug this with Eq. (11.9) gives.

/)VJ- /) ~ 1 V.5 + (V x) V, J x L (1.8

.1"j011 usiag Etis. (11.6). culd (11. ) anid the~ Went ity

V I pl V. (- )
-A U I.,ti)



Combining this with Eq. (11.18) yields:

pVII - PVS-V VU + V. 1 VT, =0, (11.21)

and since H, S and T are functions of U, this reduces to the scalar equation:

V. U \ JVu\ I
V - % - - -. 2  pH' + _p'-S' = 0 (11.22)

This is the master equation for obtaining the general solution to the MIlD Eqs. (II. 1-5),
the full 2-D axisymmetric steady-state solution. It determines the stream function U(r, z)
in terms of the 3 arbitrary finctions T(U), H(U), and S(U).

The density p must be expressed in terms of U, which can be done by using Eqs.
(11. 12) and (11.14) and noting that

B r r( .2'130 LE_ a t1L2
r 0 r ) max along constant U

from Eq. (11.8).
Some additional insight call be obtained by using the identity fx B OVB-VVB 2 /2

to rewrite Eq. (11,1) as:

pV,. VV + V (1) B B.V (11.24)

thenl, using VP i Ii / 3t= t V A and Of Kh. where , is distance along the
streamline, K is the curvatlre an fi is the normal vector, Eq. (11.24) can be decomposed
into twigential mid normal components as follows:

.1? (9p

; : i pV),K B-  (11.26)

Eq, (11.26) shows that wherever tihe streamlines tare straight (K 0) tile pressuire imust
he halmiced by niuagieftic field lressimte ill t lie mnriml directiot. It tGillows Ihat ill order to
have iliglletically olitiiled. t lisversely uoil-tlllifoi lll plaslla presslre ill tile Colllpluatitoll
.uudelilng of tile Illeridioilal lagiietic nozzle, tle transition l'rolm the plasmna reservoir to
the nozzle eltkralle, with the attelllitll vurVed milipgtic field liles, ultst lie itliuded ill

* . t " I he etIuiilibriiuI, and tile reserroir must Illlis a hai l lM with j 1. (Iere, 4jl is
". . . tile ratio of hilermll plasilla presslre to exiernal lmgmwtir | pesstire.) The hichisimi of t lie

reservoir will etliire a body fitted coordinate systeill which COlnforills to the Shmpe of Aliet
-Io.zle phus rviA"ir.

" "m



B. The Quasi I-D Solution
The simplest solution to Eq. (11.22) would | be an inmagnetized flnow with nn enrnpy

or entlhalpy transverse gradients (i.e. ' = H' = S' = 0) in which case the problem reduces
to

V . Pr .] -0

or
A*U = VU Ve,.p (11.27)

where A* = r 2 V . r- 2 V. If the curvature of the throat. is low enough so that Kr < 1

everywhere in the nozzle then the density will vary only along the streamlines and not
across them. Then VU . Vp = 0 and Eq. (11.27) reduces to just AWIT = 0 which is the
same equation as for an incompressible potential flow through the same nozzle. This much.
simpler flow can.be described by a streamn function ', and a velocity potential x as:

= V-4 x VO =VX (11.28)

where A* = 0 and V 2X = 0. Since the genera.l problem will have an approximately
similar flow geometry, the functions V' and N make an ideal coordinate system for the
general flow problem, as well as giving the exact solitions for the quasi i-D case.

The components of 11.28 are:
'P = (II.29a)

-1 r (II.29b)

which determines the functions ,(r, z) and .(r, z), These equations may be inverted to
give the inverse equations:

(11.30u)

which determinles tihe inverse fiullct ions ,'( at, ) ind =( i,, X). They can he coanbied uito-a
single second or4er equation. by cross likreutiathig and elimulatiig z:

(rr/ / 4. - .

or, Rl sear
".- +* 0 (11.32)

.-lThis evittvioi can he solved antalytically i fihe u'al cte Whe're Sel)araiott of variales "
is possible. If s(, X) 1(.'sa(..) thel: Eq. (1.,32) can he selaiwat ed iito

.11.33..

t. "z 2,. 3t" )
and

(11,33b.)

i " • - . . -: :": ' , . .. .



where the separation constant has been arbitrarily chosen equal to 2, which merely

determines the scale of units for V' and X. These equations are easily solved giving

s(4, x) =(2V - 412 )Scee 2

and hence the solutions for r and z are:

7(V, X) = (2V' - ? 2 )/ 2secX (II.34a)

z(,x) = (1 - fl)tanX. (II.34b)

With a little algebra these equations can be transformed into

7 2  Y2

I - 1 (II.35a)2¢, -¢ V12 ,F

and

se 2  + 1(IL35b)

which shows that the lines of constant 4, (for V, < 1) are hyperbolas and the lines of
constant X (for lxi < ir/2).are ellipses. Therefore Eqs. (11.34) can be used to describe a
coordinate system ii a hyperbolic nozzle with I < , 5 V .... < 1 and -ir/2 < x < 7r/2.
They also give the solution to the quasi 1-D flow problem which is just = V'.

For more general geometries where separation of variables is iiot possible, Eq. 11.32
imust e solved using computational means. '1his qwisililear elliptic equation is solvexl

numerically by integrating the Iiaite-differenced version of

0 + 4 s., + (s+is). (11.36)

i time until a steady state is reacled (= 0). The artificial. tiiie step is chosen small

enough to satisy ilthe Courant couditio...

Al K 12(J.T

1111i t . mericll dlaiping ecollieiu t is cll"oSl to II miizel tile roliVegelice rate
(typicolly v' "- 4.).

The sohit ion of 11.32 almo requitlAs specifyitig Ixutidary toidif ioits at 0 all( Otu.dt "
alld at x = 0 and X.. At e' -) 0 we have - 0id alt we :- we
S.. .. 42l . -Bulit p1'.jg( \) is ge!ilrally Ilikiowil. It is iliore dtirable 10 specify
.r ' ... 11(f) her' e s adllgtl og he wall. Thi- Lepkire q anl iferaitioll which

.::stalrts W'ith a gies for () and twi solves Eq. 11.32, That soluti si'u vatt he Aisvdi ts
. akcale Ct,-() anld tit I 1 (t) i6 used to grt a new mmti"te tt ,.()o ThiW itera4.im
. ' ally coilverges ill 20 -414) st es m proiding lie lt4* mis idr,l bdi, w everyw here h-
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K = 0 where K is the curvature. The symmetry condition - = 0 can instead be used at
0 if appropri.te.
An approximate analytic solution to the inverse equations 11.30 has been found and

is valid wherever KrwaIl < 1:

si,! 2  1/2
r(4"k) = [ /1-COS (1 +cos 0)2 ] (e (1I.38a)

= ~ Sl z0(C +V,~( 4wx ~( (1.38b)l+ oso 112,,,,

where O(e) -tan-'(r' (e)/z',(e)) and e(x) is obtained by solving the ordinary differential
equation:

_r,(C) (11.39)
dx 1+ coso

This approximate solution is used as a starting guess for the iterative procedure described
earlier.

A coordinate solttion for the JPL nozzle l is shown in Fig. 2. This also shows the
streamlines for the quasi 1-D flow in the JPL nozzle which is described by U =-.

C. The General 2-D Solution
1. Numerical Methods. The general solution to Eq. 11.22 msitt be Computed

numerically. To allow for arbitrary geometry the (4', X) coordinate system will be used
wita the doiain ranging over 0 ..' .4 'nm aiid 0 .. .htere 4, 0 is the z axis
Piid 4' ='mx is t-he wall, , = 0 is the entriutce to the iozzle mid . = Xm1ax is the exit.
The bIoundary conditoiis to be applied are , = 0 at ,0 d U1 = ilm at 4' mx (so
V .ft = 0). At X = 0. the simplest condition is to require OU/N,\ = 0 which just means that
thle flow enters t.ie nozzle orlmally (i.e. V x 0i 0). The boundary condition at ,x = 9X-HX
is inciiciore conliicated mid will deleid on what type of problem is being solved, so
the code is written to allow for a arbitrary lbxuidaiy. couiditiol of the for nl./O,; = -q
where illay delpeld oil It.

The strei fuiction is expiuided as .

N Al
v + V+i (11.40)

. .whre 11o is the flimii I -)Dnl-utdulh satisfying ml~i iii rieieiut ,itii Iilirimnn, If
tle ileiits of Ui are choseii s. that Umli = 0.... theii tills is jUSt 1.UO, ."The 11', x1)0
we a. et of basis futict iinils satit hmMs i eilitotl hutmillid. ititns , 0 0t ' -
alid and OiU/!\ f 0 at \ z-. aid I, lTie cod' ues bi.ulic !-I.Pltiue wit the -

s ..latleJ bonliiy Vonitliols, itteicd oil each of the N iiiels list. T1e 1i (, a) arc i .et
Of loal baisfi ictioiis which will coit rol the ii'uiidilry coliditiolt il tie exit .

"..Ay must, satisfy the smite laotiiioims hotmlui nv cui ai ilktatlil it.'-- U , al i) iid k4

.'illely II, " 0). liit they will have il imal I taigemiis btdimlvy ary hiiilitoll 1," \ 
.at o\ = ,\ . T code a .lo u jl.i-tk: ihnits withi. the stated lbwuydio-' titois



for the Al h,~ functions, but they are centered on "ghost" miesh points just b~eyond the exit
and they only extenid I cell length into the computational domain. Notice hiere that. M~' is
just the numlber of radial mesh poiuts, and N is Al timles the number of axial meshi poinits.

This representation for U( V,, \) (Eq. 11.40) is substituted into Eq. (11.22) and matrix
elements are taken with each offthe N Ui to get a system of N nonlinear algebraic eqluations
depending on the N coeicients aj..aud thle M coefficients bi. After integration by parts
these equationst ake. the formn:

it .1 41 U'] d 3 =0

where j=1, 2, ... N.
The integrals are done using a 4 x 4 point Gaussian quadratulre rude onl each cell and

hience require the introduction of a 4X reffilemient in thle mlesh. T[his subgrid is unequally
spaced according t~o thle Gaussian quadrature convention which requires that the mesh
p)oints be located at. the zeros of some ap~propriate Legendre polynomial.

If the bi are known or if they canl be expressed as functions of the aj coefficientsi
then thle system of equations in 11.41I completely determine the soluition. If time bi are
~Unknown, thenl these equlationls mus1lt be sup~plemented with M additional equations in
order to determine the additional M tinknowns.

Thec code solve-, for the uinknown coeffivients using the IMSL sutbroutine ZSPOW
wvhich app~lies a modified Newton's method to find thle roots. of a non1jlnear system) of
eqIiiations. It. typically uses N =9 x 33 miesh points and Al 9~ boundary points anid takes
about I mlinuite to finld the sollutionl oil a Cray 1.

~. Unmtnfjzed Flow. The first set of soltitions that, will be discussedl are cases
of mimagnetized flowv, which nmmas V 0. Without a magnetic field there is only one
_ Critical stuface, tile Javch-onle stirfave, wvre thle flow etquations change character from
QlliI)tW. tjo eliohic; The Maelm-oiw suirfivce i located at thle point., oil each filix tube
.wh Aete cross sectional area. of the'ltux titbe is a misdmm. This is it choke poinlt ill the

flo an mut hve ~ .~, hatis Ithe flow. Sliced mu1tst viliad thme Solid ,pwed at this
polit' which will also be ref4erved to aus the thtroat'of the ittizze. The equatious w Ill be
elliptic lipstr imn of time throat. at d lyerbolie 40 lnstream of thtra.1~oiE.(I&

.0 Wliethr04t..%vll q.,(11.62)

vhicli Show-i tha Iu ! is thle inversw area- funtionl for. ell ilox tobe. 'llisillvans t114,

tile macl-olle surcfac'e is located by. findiing wvhere is immaxiim Sic li o tti
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Using equations 11.15 and 11.16, P0 (U) and po(U) can be related to the entropy and
enthal.py fmuctinns S(U) and R([T) anid 11.43 can be rewritten as:

x= U + )S(U) J (11.44)

This equation must be satisfied on the Mach-one surface and gives the extra conditions
required to determine the boundary conditions at the exit of the nozzle. By requiring that
Eq. (11.44) be satisfied at each of the M points wliere a longitudinal grid line intersects the
Mach-one surface, a set of Al additional equations are obtained which will suffice, together
with Eq. (11.41), to determine the other AMl unknown coefficients b1 ,b2 ... bM. The fact
that the coefficients only adjust the boundary caudition at the exit, while Eq. (11.44) must
be satisfied at the Mach-one surface might at first glance seem to be a serious difficulty; but
since the region between the Mach-one surface 4ld the exit is hyperbolic, the information
at the throat will be transferred along characteristics to the boundary where it is needed.
It is to be expected that if any part of the region between the Mach-one surface and the exit
-were elliptic, this procedure wouldn't work. This procedure is the only one that has been
developed and built into the code so far, so our "direct method" code for finding steady
nozzle flow can only be applied to problems which are hyperbolic between the Mach-one
surface and the exit. Alt unnmiaguii d .';ozzle flow problems are of this character, but
many magnetized nozzle flows are -t. This problem will be reexamiined in later sections.

If the conditions in the reservoir are near equilibrium, meaning (in the absence of
a magnetic field) no pressure or density gradieuts mid negligible flow, then the entropy
and enthalpy functions S(U) and 11(U) will be constant, hence S' .- H' = 0. This is the
-most likely situation to be encotutered in a non-magnetic experiment and will be the main
fOcUs of this section. The compressibility of tle gas will be assuiied to be I-= 5/3, the
approlpriate value for a hydrogen plasma, unless otherwise notedm.

Figure 3 shows the grid used for a hyperbolic nozale with, unit radius At the throat.
and it 4,S0 opening half angle at. each end. Every fourth line constitutes the coarse mesh,
equally spaced in 4, and Xt on which the vubic sphines are defiied. The rest of the lines'
form the gaussianquadratture subgrid used for doing the ittegrals it Eq. (11.41). Fig; 4
shows the streamlines, which ire almost the same w for qutsi [) flow. Fig. 5 shows,
the inverse square waea function (pV)2 , and Fig. 0 shows the same fiiiction plotted along

istre liles. Fig. 5 also shows the location of, the* Mach-one surtave. Fig. 7 shows a
'....itollr plot of the velocity mid Fig. 8 shows t he mitaglitude of the velocity plotted along

. the stremulhne, Figs.: 9 mid 10 show the density, in contours and olong st-ewlihles,
.. - Figure shows tle grid for the JPL tozzle' I in itls -of inches. Fig. 12. shows the

strenttdines, Figs. 13 and 14 Miow (pw)2 , Figs. 15 and. 16 sow the tlenSity, al, Figs. 1 .
and 18 show the pressure. Notice that there is a shock near the wall.jilst dowktstrelmit of
te throat, Thesolution is not well resolved 'it this shotk regio siwtce the code uses cubic

lspi.s whIch have a high degree of continitity aid iu~ioti represetit a shock very accurately.
I he rt ol the. solution however should still ig 1c9rate. ig, ) shows Cto-rs ofhe lie-

" Mat ttiultwr, This calcdatiou, like al others, S1 -. 5/3. Vor pluii), of Coiparso .'
tA" .exlrinhujt, the" JPL iozzlc" Ws redote vith "  1.4, the value to air. 'rl e solttiou.
..-. esentially identical-to the:j f 5/3 case, but the Mat',h lmber tolltoils were' slight ly'""';1""::""dilfleut and w.e sho~wt .illi, ..2 .Fig,. 2U also, shvws lthe ,dat a1 that iwi uwu~~ture4t iii" :
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the JPL experiment which was done using air. The data was copied out of Ref. 11. The
exeellnt agreenwni witlh experiment indlicates that .he code is working satisfactorily.

The next uiniagnetized case to be examined has a pressure profile of tile form
P0 -- (1 -+ EU) hut still constant density, po = 1. This corresponds to choosing S(U) and
H(U) - (1 + EU). Since this assumes the existence of a pressure profile in the reservoir,
the reservoir must be specially designed to allow for this. For example, it could consist of
a set of nested concentric annular gas feeds run at. different )ressures.

Figures 21 and 22 show the streamlines [or these nonuniform pressure cases. Fig. 21
has E = -. 02 which makes the pressure drop near the wall. Fig. 22 has E = .02 which
corresponds to increased pressure near the wall. The new feature iii these solutions is
the presence of vortices in the nozzle entrance region. These vortices cal be understood
by noting where the high and low presstire regions are as indicated in the figures, and
observing that the gas flows from the high pressure regions to the low pressure regions. In
these examples there are low pressure regions back in the reservoir as well as at the exit,
*so some of the gas flows back into the reservoir, creating the vortices. If the coefficient c
is increased in magnitude, the vortices just get. bigger. In order to have a pressure profile
(confined plasma) and still have radial equili|briuni (no vortices) there must be a nonuniform
magnetic field with the field pressure balancing the gas pressure. This situation will be
addressed in the next sections.

3. Maignetized Flow. We now turn to the ronsideration of magnetized flows, the
main purlpose of this study. The magnetic field serves two essential purposes; confilling
the plasma so that it won't. be in contact, with the wall, and providing thermal insulation
to reduce energy losses t.o the wall. First we shall consider a lproport.ional field profile
(magnetic flux density proportional to mass ftlx density), which provides instilatioi but

• :not Coufiimenitf and we shall sets how tihe introdtiction of a magnetic field significantly
increases the uathenatical complexity of tie equilibrium. Next, a sharp houudai'y model
will he colisidereed which will. allow us to examine sit iations with both contfhileneit and
insulationi h a Simple analytical iu1a ler, aid thereby we will find i limit. to the aolUit of
flux t hId -at e imbeddted ila no71le wihout q-w iug he st eady flow of phaslna. Filially,
we shll (iscuss the gel eral proldeil of findtitg- I I eqIilibr n wit II difie I ngtlet iC profles
.( mid :the on~luiCai.n ellcfuuteled ill" i roper treat-mnent of the bouldary conditions.

. ., P. p..o~'ipnort .eld .a..se. ' get a .proporttolml, held profile we

•= i aLst.- \we. will still asstuime etililbriu l udiios i.0 the reservoir ald use
ta e .,-V ... 4 - .. C'l~ o si tie r i
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throat. Cthe nozzle (this assumes MKSA units with 1to = I). Now III= .B/(,v) and
at flip throat of th. inzzle V'n = C,, which implies that cv is the ratio of the Alfve',
Spe,,0ed to the sound speed at the throat of the nozzle: a = CAO/CSo. Also, using
'Cso = (yfPo/pO)'1 2 it call be shown that the lplaslna beta at the throat is related to
a lby the formula j3o = 2/(ya 2 ).

The critical value for a is a = 1. For a < I., (weak field) the Alfve'ii critical surface
will occur before the Machi-one surface and the equations will lbe ellip~tic from the entrance
(V =0) up to the cusp surface (V = Cr), then hyperbolic from thle cusp surface lip
to the Alfve'n surface (V = CA then ellip~tic again from the Alfve'n surface up1 to thle
Mach-one surface (V = Cq), and then hyperbolic again from the Macli-one surface t~o
the exit. Since the region between the Machi-one surface and the exit is hyperbolic the
same boundary conditions used for thle unnmagnetized case are still app~licab~le andl the same
code canl be used to solve this miagnetized flow case. If a > I (strong field) however, the
situation -is different. The AlfvC'n critical surface will occur after the Macli-one surface
so the equilibrium equations will be elliptic from the enitrance to the cusp surface, then
hyperbolic uip t~o the Mach-one surface at the~ throat., then elliptic uip t~o the Alfv~in surface
and then hyperbolic from the Alfv~ii surface to thle exit. Now the region between the Mach-
-one Surface and the exit is p~art hyperbolic auid p~art elliptic, so thle boundary Conditions
are mnuch harder to implement and a more sophisticated code would be needed to compute
these equiilibria, if they even exist.

The present code hats been used to comprite magnetized flows ini meridional magnetic
nozzles with n ranging from 0 ipl to .8. No flowing eqluilibria withi a above .8 couild be
compted. Figure 23 through 36l show solutions for thle hyperbolic niozzle mnd the JPL
nozzle With 0 .8, which corresp~ondsl to a beta value at the throat of about 1.9. The
.m1ist striking featutre is that they look almost idlentical to thle .uniigntizecl flows shown.
earlier. ile Oily difference is that thle magnetic field smt's to stiffeii the flow s oiewhat
and imake it. closer to beitig oite dtlIiu This call be 'ieei most clearly ini Figs. 25,.'
20132 anid 34. Thle radial variations it) til flow vO~ariale's are greatly redced,

The fact t-hat nlosohiitioms old be found -for a > A -may be anl illdkiatiol that there
Are Ito solutionls itl at leust part of this ranlge because the code shiould haveI been able to
1i1d 8olutionls lip to. 1 ' . if t hey existed. Thi. i oub i nd l11(icationl however1 and 110t
-R proof.: ilurt hi ilivesfigatioiis wotilcl l. retuilreA to fu~lly uuckerstwid the pliyoicai issllcs.
behlild Stich a hlmitatiou if it Is real.
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with the plasmia pressure at the interface P,,(z) one obtains (in MKSA units)

2p ~2 (1.7)

which may be solved for b(_-) to get:

An example of this type of solution is showvn for thme JPL nozzle in Fig. 3-7. The central
uimagnetized flow soltition is just copiedl fromu Fig. 12 and tdie pressure at the wall P,,(z)
from Fig. 18 is used ini E3q. 11.48 to compute 6(;z) iissuing, that the amount of flux is as
.4eedecl t~o make 6 = .1 inch at the entrance.

If the amouint of flux in the vacum region is increased, b will increase until the
inlequality 6 < r~t is no louger satisfie~d. Aui analytic treatment is Miill p~ossible however, if
a long thin approximation van be tised. Th~lis would amotit to assuming that dr,,/dz << 1
everywhere. In this case the magactic field wouild be given by

whr . (z) is the radius of theplsinu-vaiuim iterface. Then Eq. 11.47 wouild be miodified

whc aaibsovdt giVe th10 locatiOi& Of tite iaterfAcV.

Notice t hat for a iven flo'w wit wte sp~w pivsttn. I'.A.( 4 aild siiiw specific g-eoiletry.
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close to the sharp boundary profiles should also exist. Clearly then, an equilibrium nozzle
flow withi magnetically confinied plasnia should be possib~le, though not necessarily easy to
compute if the profiles are diffused.

The flux limit in Eq. 11.52 can also be expressed as a magnetic field limit in terms
of the field at the throat B0 :

0 maz-- V2poPO (11.53)

or in terms of the local beta at t.he throat 0 as /30 m = 1. It is interesting to note that
in the previous section with the constant field, no solutions could be found with fl0 < 1.9,
which is close to the sharp boundary beta limit of 1.0; but it. is unknown whether these
twolimits have any fmdamental physical counection.

c. Diffuse Field Profiles. The general case of a diffuse field profile will
have a very complicated arrangement of critical surfaces. Figure 39 shows one possibility
for an equilibrium which is only slightly diffuse and still close to the sharp boundary nmwel.
The diagram is divided into 5 different regions labeled I through V. In region I, there is-no
magnetic field so the Alfvn speed and -the cusp speed are zero. The pressure and hence the
sound speed is high so the flow will be subsonic aud the equilibrium will be elliptic, just as
for any unmagnetized subsonic flow. In region L1 the magnetic field starts to build up, and
the flow can enter the nozzle in this region subsonic and sub Alfvnic; but the cusp speed is
always smaller than both characteristic velocities and the flow can enter the nozzle above
the cusp speed, thus producing an equilibrium that is hyperbolic in this region. In region
111, the cusp speed will reach a maximum and be larger than the entrance velocity of the
fluid, so the fluid, so this region will be elliptic. In region IV the pressure is nearly zero
so the sound speed and the cusp speed are almost zero, but the magnetic field and hence
the Alfveu speed are high, so the flow velocity will be above the cusp and sound speeds,
but, below the Alfven speed; so the equilibrium equations will be elliptic. [It. is essentially
just a vacmum field.) In region V the magnetic field is very small atnd the flow has crossed
the Maci-one surface so it. is supersonic and super-Alfvenic and this region is therefore
hyperbolic. Table 11.1 summarizes the relationships between the various velocities and the
character of the equilibrium in the five different, regions.

The difficulty with solving this type of l)roblem numerically is now readily apparent..
The region between the Mach-one surface and the exit is not purely hyperbolic; it has
elliptic parts, and the division between the elliptic aud hyperbolic parts cannot even be
specified ahead of time. It must be found as part of the solution. Since the present code
reluires the region between the Mach-one surface and the exit to be hyperbolic, it should
not be able to solve this type of l)roblem. Several types of diffuse profile solutions were
attempted with the code, but as expected it did not work. The code would not converge to
a solution.. One possible method of overcoming this problem would be to use a code based
on a.-time-dependent method, The merits of this alternative approach will )e discussed ini
Chapter III.
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TABLE 11.1. Dependence of the character of the PDE's
describing Ideal MHD flow on the relationships amongst

the several characteristic velocities and the fluid
velocity. (Here C* is the "cusp" speed.)

Region Velocities Character

I 0* < CA < V < C, elliptic

II .0* < V < C3, Cf4 hyperbohic

III V <0C* < C,8, CA ellip~tic

IV 0C < Cs < V < CA elliptic

V C* < C,, CA < V hyp~erb~olic

III. COMPARISON OF THE DIRECT SOLUTION METHOD WITH THE
INITIAL VALUE, TIME-DEPENDENT APPROACH TO COMPUTING.
THE MHD FLOW PROFILES IN THE NOZZLE

The comiplicated boundary conditionis associated with the complex arranigemielt. of
critical suirfaces discussed inl the previouis sectioni cani b~e miostly avoided b~y uisig a tiine-
dlependent initial-value app~roachl. By initroducig time depenidenice, anid addig denisity and
p~resslure evolutioni equations, there are no lontger aniy 1)ouidary conditionis to be satisfied
at, the Mach-onie suirface, hience Eq. (11.44) canl be dropped. The only b~oundiary colidlitionis
needed will b~e at the actuial physi cal. b~oundaries, namtely; the walls, enitranice, mid thle exit.
The solution of genieral miagnietized flows will still b~e a very conllplex numiierical lpro1)leiii,
however, b)ecause there will still be the differenit regions where the equationis have different
characteristics. Special numiierical techiquItes will b~e required inl the hyperbolic regionis inl
order to isure numiierical stability withouit itroducing excessive nmuiierical diffutsivity. The
pr'oper treatmienit of time-depenidenit hyperbolic flows is still all area of active. research and
is beyond the scope of this study.

Vor pr-oblemis reqjuiring high resoluttion, it. is also probably more eflicient to solve
the steady flow p~roblemn wsing a time dependent. miethod. If M is the nuimbler of mieshi
points inl each dimlension, the corn jiter time required to take one( lime step) il a 2-D) time
dependent code would l)c Irol)ortion~ai to l. n~le time step would b~e limiit-ed b~y numiierical
stability con'siderationls (thle Courant 'Condition) to I /MI of the Characteristic time ($Ollie
or- magniet-osonic traiisit time), so if t,, (iii units of the chiaracteristic time), is the time it
takes to reach a steady state (possibly including a Steady level of ilttlatioius), thlenl the

I iie t..wold aketo omuteI le teady state would-be proportional i-o t8 , cpae
to A16 -N3 fod~ci rect mlethod usig a Newton iteratioij, Ill genieral,_t . may be a la-rge



number, but, as a physical rather than a numerical quantity it is independent of M, so
tlhis for lnrge enonluh M the time dependent met.hod is always the faster computatinnnl
method. Tile direct method would only be more elticient for problems where the number
of mesh points (or spline functions) required for adequate resolution was small enough so

that M 6 < tM 3 or M < t1/a.

Another reason for emlloying the initial-value time-dependent computational model
is that one may uncover unsteady processes that might actually occur but that would be
inaccessible to a steady state computational model. The shedding of vortices by an airfoil
is a well-known example. Il tile nozzle problem, vortices might be induced by plasnia
viscosity and a no-slip boundary condition, and would tend to be carried along by the
flow. If present, such vortices would make a convective contribution to lateral heat and
mass transfer. The presence' of a meridional magnetic field would tend to inhibit such
vortices since they would try to bend those field lines. However, the presence of a high

plasma resistivity near the cold walls would allow the plasma to slip across the field lines.
The balance between these two effects is a (Iuantitative issue best resolved by a 2D tine-
dependent simulation with transport coeflicients. Moreover, in the azimuthal magnetic
nozzle, no line bending is available to inhibit the formation of such. vortices.

IV. DESCRIPTION OF A 2D MHD INITIAL VALUE CODE
1)uring the course of this work, one of the investigators (A. H. Glasser) acquired and

learned to use an initial value 2D Mill) simulation, originally constructed by J. Brackbill
and R. Milroy, 14 '15 with the following prolerties.

The single-fluid MHD equations are solved in two dimensions (?', z), retaining all three
compoents of vector quantities. The equations include mass continuity; momentum (with
scalar plasma lressure, magneti c forces, artificial viscosity - 1% of the parallel Braginskii
viscosity to smooth the velocity profiles); separate electron and ion temperature equations
inchding the effects of convection, Jotde heating, viscous heating, and anisotropic thermal
conduction in both Species. and the generalized Ohm's law used within the context of
quasi-neutrality and zero electron inertia. This Ohm's law includes anisotropic resistivity
(classical plus anomalous), the Hall term, the diamagnetic drift contribution from the-
electron pressure gradient, and the classical "thermal force" cmntributioxi, to the electron-
ion friction.

Tiesimulated plasma was contained within a free-boundary separatrix, surrounded
by a vacuum. magnetic guide field outside of the separatrix. The vacuum magnetic fiel
was found in terms of the positions and currents (time dependent) in external theta pinch
coils. The vacuum solution was eff'ected by solving Poisson's equation for the azimuthal
component of the vector poteiial, At.

The equations were solved on a Lagrangian mesh using atn adaptive mesh algorithm
for rezoning the mesh-in order to concentrate the grid in regions of large current density
to resolve regions having sharp gradients in the magnetic field. The motion of the free

' boundary separatrix was solved for self-consitently as part of the over-all tile-depeldeul.
solution,

-'The simulation on a CRAY sipercomIter of the -lrmatioi, 'and translation-
compression of a. plasinoid knowni as the l"ield..ieversed Configuration is shown ini Fig.
4Q, correspondhg to the V. R(,-exl)erinents...at. Los Alamos. rhis process bears some
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resemblance to the magnetic nozzle concept. The horizontal bars represent the positions
of the theta pinch coils. The formation and motion of the plasinloid is clearly evident.

Because of the limited duration of the research period of this contract on the magnetic
nozzle project and the limited amount of support allotted for personnel on this project (0.8
man-years), we were unable to ex)end the effort necessary to modify this code so as to
)erform a set. of systematic rums more relevant. to the imagnetic nozzle concept. This

situation was exacerbated by the cumbersome nature of the programming and structure
of the code. We believe that recent improvements in FORTRAN and supercomputer
capabilities will allow such simulations to be performed effectively and efficiently, using
codes that are more amenable to trial modifications in boundary conditions and geometry.

-V. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS
In Chapter 1, we briefly reviewed the foundations of the ideal MHD- model, and

then made estimates of various losses from the l)lasma flowing through a meridional
magnetic nozzle. A wide range of plasma parameters was consilered, with maximtun
thermal pressures of - 400 to 40,000 psi depending on the assumed temiperature. Both
fractional losses and absolute fluxes to the lateral wall were estimated for a/3 = 1 hydrogen
plasma flowing through a nozzle with a characteristic radial dimension of one meter. The
3 --1 condition was selected as representing the least magnetic field for which transverse
pressure confinement of plasma is practical. The methods and results presented there
are easily extendable in obvious ways to other values of /3 and other nozzle dimensions
as desired. We also loint.ed out. the importance of the MHD stability properties of the
plasma in the transition region between the reservoir and the nozzle entrance, and of the
plasma detachment problem at the nozzle exit. We recommend 2-D and 3-D initial value
resistive MUD simtlations to-model those regions accurately,

Some specific results of the estimates of loss processes in hydrogen plasmas with
13 1 may be summarized as follows for the meridional magnetic nozzle with diffuse radial
profiles. At temperatures near 1 eV, classical resistive cross field mass transport amounts
to a significant (in fact, unacceptable) fractional loss of axially flowing plasma (see Table
1.6 and remark following). This situation can be relieved by working at lower values of
beta. (At. temperatures of 10 eV and above, the mass-loss fraction is negligible even with
0 = 1.) Thus, we recommend detailed modeling of low-beta llasmas in the 1 eV range in
the ineridional nozzle configuration.

With regard to radial thermal losses, classical thermal diffusivities are dominated by
thermal losses in association with classical resistive diffusion (radial mass transport) at

' I el" for all densities considered, and at 10 cV for densities of 10 l l cm or greater (see
Trble 1.9). Moreover, these classical losses dominate the Bohm losses in all but three cases

'for all paramneters considered (see Table 1,12 and 1.13 and compare with TFable 1.11). For
plasmas near 1 eV, it is important. to observe that. the fractional thermal losses will be
about the sanie as the fractional mass losses, anvl should be mitigated by working at lower

- . values of beta, For radial nozzle dimneusions on th ? order of one meter, the actual thermal
power density on the wall due to classical transpor, amounts to only a few megawatts per
square meter, at most, for densities up t1o 1016 cm' ' , n t Can be several hund,'ed-to scvera.1

atusand.MW/m for densities exceeding 101" cmi (see Table 1,11),



Let us now compare these thermial conduction (and axisymmietric thermal convection)
los.es with the radiation losses assuming that the niozzle dimenisions are on the order of
one mneter. We see from Table 1.14 that, all but two of our standard parameter cases may
be treated as optically thin, the exceptions being T = I eV with n7= 1018 and 1019 CM- 3 .
These two "optically thick" cases will not be discussed here because the edge conditions
of the piasmia itself will be influenced by the engineering approach to the mnanagenment of
the energy flux at the wall (see Chap. 1-C, Sec. 2-b)). In comp~aring the optically-thin
brenisstramlung radiation wall loading results (Tlable 1.15) with the thermal wall loading
results of Table I.11, we observe the following. At. a temperature of 1 eV, the thermal wall
loading is time larger for dlensities ranging from 1013 _10)16 CMn 3 , but it is, at most, a few
megawatts per square mieter. (Note that time fractional thermal losses due to axisymnietric
convection (radial mass transport.) fronm the ~3=I plasmlas are large at T = 1 eV.) At
1 eW, densities nmuch larger than 1016 cm 3.- ought also t~o be p~recludedl by the restriction
that the fractional energy loss from radiation be smiall [see Eq. (1.97)]. At 10 eV, for
densities up to 1016 Cm -3, radiation wall loading is less than or on the order of tihe thermal
wall loading, and is at most a few AMI1V/m'. At denlsities greater than 1016 CM- 3 , at
'T = 10 W', radiation wall loading by far exceeds thermal wall loading and can amount t~o
sever~al hundred to lmillionis of megawatts per square mieter. However, at 10 eV, densities
of 1018 cmt 3 anid higher ought to be precluded because the fractional energy loss from
radiation would become large [see Eq. (1,97)1. The same qualitative statements apply at
100 eV (radiation wall loading :5 thermal wall loading for n < 1016 cm- and no more
than a few A V/),with very high radiation wall loads (several hundred to millions of

A' -/r.)for densities above 10163er -m3 . Also, even if the power were available at 100 eV,
densities ought. t~o be kept less thian 1019 cm71 3 to keep) the fractional radiation losses small.

Let us now compare the above losses with those induced by non-sytmmetrical plasma
dynamics (convective transport) in the meridional magnetic nozzle as discussed in Chap.
1-C, Sec. 1-d. First., it should be observed thiat. these niagnet-o-pasma models of "turbulent
transp)ort" are complletely dlifferent from the conventional situation in turbulent, pipe flow of
ordinary comp~ressible fluidIs wherein the turbulence is driven by the free eniergy in the axial
flow field. InI the mneridional. magnetic nozzle, azimuthal g-miodes and azinmuthal K(elvin-
Hlmholtz turbuilence are not driven by the axial flow although they may be somewhat
modified by it. (Conver~sely, in the azimauthtl ni1agnletic nozzle, thle Kelvinl Ilelmiholtz mlodes

* should be expected to be stroagly coupled to the axial flow.) B~ot~h of the models we
discussed earlier should be treated as p~rovisional, i the case- of g-modes because of the use
of a n ion-rigorous (juasi-linear "mixing length" conistruction, anld ill tile case of the Kelvin-
*H1elmholtz modes lbecattse of the emplloymnet of unrealistic parameters in the simulations
of Theilhaber and Birdsall (mi/m, 40, Wpe< .. ). Moreover, the couipling of both
typ)es of istabilities to tile axial flow field hias yet to lbe elucidated for the types of plasmias
considered here..

With these cali1tidins ill mu1il, we turii to thie resulits of the "convective t-ransport"
iiivestigations ini Chap. I. With regarto "-n s," we note fromE (1.8)tatm
fraction of mass (or thermal energy) lost is mo-stly dependenit. upoti (A,'/14)1/2 whlere

A.is the thickness of the edge-plasmia boundary layer and R, is a macroscopic length
scale (radis of curvature of a field line). Moreover, we nlote frtnil Eq. (18-a) tat tHie
qutasilinear heat. flux is 2 x ir(A/R) 2nc )/ ()[I/],again depenident

uponl (A,./R) 1 /2. We aisq ecl that.. when ( /l)is of order unity,.there are only a
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few instability growth times availa;le' bIn. When (A'r:R,) << 1 there. ar'e nianygrowtjv
t~m~savaible. oiwepie~i~y, e ~h.ll oientrate Oil the "sharp )Olill as we

(Ar/Rf) 4. 1. in, the lo ltstyein,10.' - 1015 cm: ., .ice rC? I cyn'-(seIal
1.5), and since the ions -tr e npiar, aI etizedat these densities for 10 .eV'and. above, onetilght
expect the b~ounday laer' thickni ess t., Ibe gi ven I y 7 -.j, so, fo~r 'R,, 10 m e take

(/R)1 2
. 0.1. '(fl~y reticig A, and thie g-moce wavelengthsto be -no smaldler thiat

7'j We are cru~dely taking into account the effect- of "Finite Larnior Rad..ts". stabilization
[gyroviscosity].) hli the hligh-~density-regirne, r~ I< 1CM, and at *1eV wher'e theionis arejIot:'-,-I
miagnetized, one mnight.exlpect the classical'resisfive boulndary layer 1)ehiavior, so we take

(A,/R1/~.R,-, /4 wliere. 1?, istlie mnagnetic 1eynolds anmber, 'Refern to Table. 1.6,

We see that at. 1 eV, R_ 1/4  0.5, producing a thick iouindary layer and cotn sequently onlly a
few availableinstability growth tinies. Consequently, we do not expect the 1 eV plasmas to

bevulnerable to transport from g-miode instabilities (they are. alreadyhbighly vulfleral)e to
classical tranisport losses). On the other hand, 10 eV and,100 eV' teiperatures respectively-

yieldl R11 -- 0.16 and Rn ;: 0.05. Thus, we see that. in all 10 eV' and 100 eV cases, for
these rouigh estimates it is sufficient t~o take (A,/R,)i/ 2 ~20.1. Having (lone so, we caii
expect fractional losses onl the order of 10% fromi g-niodes. The (juasilinear 'heat fluxes.
themiselves are giveniin the. following table.

-TABLE V.I. Quasilinear Heat Flow from Rayleigh Taylor Modes
* in ~3 IHydrogen Plasmias for (A,/R. )1 /2  0.1

TjeV'I 1 10 100

n1.mC1y- 6.3 x A ('I/)

10" - 6.3x 1WP

101r> 6. 3 2.0 X. 10'

6.3 x 10W 2'0 X IO03

X U 63X 102 2.0 XA&

10" -X 6.3k0 9 1 YO 2.0

N -e:Recl th at- "x"~ signifies a breakdown of the. fiUid platymaj Oel. -



Comparing Table V.1 to Table 1.15, we see that the g-mode induced thermal flux
i. mnre thain competitive with the energy flux from radiation at 10 el! and 100 eV for
delnsities of up to about 1018 cm,-3 (where the thermal fluxes of several thousand to
hundreds of thousands of MW/m 2 are produced). Il view of this result, based upon a
simple cjnasilinear model, we recommend quantitative resistive MHI) modeling of MHD
instabilities with nonlinear effects in the entrance region of the meridional magnetic nozzle.

One should remember here that even classical losses will increase at the edge of a
sharply defined )lasnia with edge layer gradient lengths of order Ar, compar-ed to what
they would have been for a general diffuse I)rofile. The increase will be on the order of
a/A,) where "a" is a characteristic radial dimension of the nozzle. In connection with
g-modes, we are considering sharply bounded )lasmlas with (a/A,.) - 100 as discussed
above, so a fair comparison with classical transport requires that the edge thermal fluxes
of Table 1. 11 be increased by this factor. Such a comparison is made in Table V.2.

TABLE V.2. Comparison of Classical and g-mode Induced Thermal Fluxes
(MW/n 2' ) in a = 1 Hydrogen Plasma with a

Sharp Boundary (A, = a/100), with a = 100 cm

T[eV) 10 100

nr[CM-3]  1013  9.2 x 10- 1 6.3 0- 2(A")

1014 9.2 6.3 X 10- 1

1015 7.9 X 10 6.3 2.9 x 1' .2.0 X 102

1010 1.7 x 102 6.3 x 10 2.9 × 10' 2.0× 103

1017 1.7 X 10a 6.3 X 10' 2-.9 ( 101 2.0 x 104

1018 1.7 x 10 6.3 X 10 2.9 > 104  2.0)105

1019 1.7 x 10r 6.3 X 10'  2.5 × 10x 2.0 x 100

cla,.sill g-t mle classical g -n ide

It is interesting to see that the classical traISl)ort thermal Ilx slightly doimnates at
10 eV but. that the reverse is trite at 100 '.

The above discussion of g-m1ode-indiiced wall loading has not takeii accomlid of tile

reduction of the g-mode growth rate by the actionl of ion Vollisiolal viscusity. One would
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expect fluid viscosity to have an appreciable stabilizing influence oi tae growth rate when

the wave ntimher becomes sufficiently large that.

k2 D,,j r V gk,(

where Di, is the ion viscous difflsivity (kinematic vlzkosity), and F' is the g-mode grOwth
rate. Making the substitutions k -z Ar-A where A .is the thickness of the plasma-field
boundary layer, g = v?/R,, where vi is the ion thermal velocity, and obtaining Dvis from
Braginskii2 for the cases of un-magnetized (w i < vii )ioas and magnetized ions (w j > vii),
we find that Eq. (V.1) c-%n be reduced respect.ively'to

2/3
-- 1 A R ) -- un-magiet.ized ions), (V2)

and A , 2 '1I. .2/ -

-- (Ri"" ") - (magnetized ions). (V.3)

Here, wui is the ion gyrofrequ,'( .cy, r i is tIhe ion gyro-radius, t'ii is the ion-ion Comb, 11)
collision frequency for.90' -deflections from cumulative small-angle scattering, and Aij =
v/vii is the 'on Meal ,free path, itd R, is the radius of field line curvature in the bad
curvature regijmi of<lthe 'lridio'al magnetic nozzle. We recall that the ion magnet.ization
parameter is Tadabl.ed-in 'fable 1.8. The meaning of these equations is that they set looe
limits on (AiR ) below'which the viscous damping of the g-modes becomes compara),ble
to the iudjltgvoYwth ra'e, but. above which the neglect of viscosity is more or less valid.\

- From 'La b1e 1.8, we filnd that the ions are uin-magnetized at. 1 el', and from. .Table 1.5
that the ion t ealn-free path is of order of 0.1 cm or smaller. Therefore, at T = i el', our
use of A," . ktm (with 1?, - 100 cm) so that V/i /Ic 0.1 is consonant with the ,eglect.
of ion visco ty iill; 0h study of the etfects of g-maodes [See Eq. (V.2).] However, only a few
growth t"iies ,ae (vailalle at, 1 eV so we have not considered thi1 Case in detail. The same
reasouilig for i". -is true at. T = 10 W for"dens ieeqlml to or greater than 1011 (,?,j-3
so th' V-' " 3 A, tRe r1""

wo t vibcoatvy van be neglected for -ni .10'.'-m l3 ile using (A,/RO) -l" O 0. At
T -- 10 ,V cm "3 and n < 101 5m wi C t . Ii th viscosity incorrectly neglect.ed the S-modes

still It e k.os imlportt. thIM classical tfiaisport,.
Oil the ath.ier :, l.o a', fropi 'a4le 1.8, the ions tire magnetized at all but

the hih-lst, density. M 14over,4troni Table 1.5, for densities of 101, cm - or higher, We sCO

that, the, ion gyr4-4itis has (i.ji/R) <,0051 for Ile 2 100 cm. Hence (rej/&C)? /. k 0,03,
anld this numberos edtledftirthler ,y the fator (w,,/ vi)13 > 1. [S Eq. (V.3), knce,
we concludt thl ,even iil the p e T. t0 ci', the lower limi on (A,./I,,) can be luaought
down to a, out O,01 ;.0 tht iA ,/,U : 0.1 still provides a valid condition with .whicd
proceed without-bt igoverlwhed by viscous dalping.

Thus, ,otr est ilate s oft11, effects of ayligh Taylor inst ai hties, that neglecte t he -
ac ,ton ol ion-,vasco~y, by'auid t large should remain qualitatively viAd, lowever, a detid :-

* quantitative Check of this (litati v .assessient is recommeided. Since the ion 'iscosi y.
* tenso[is " "oilcat ed, this will be a major project,

As egards the l.elvi-!ehnholt.z-iduced iJohin t a atl spiin at.ed ,6y Thetlhaer

Birds we . ote, hat.. t,.scales the same wiy a the g-naodv-ilutmed.trahusp~rt, btts

%

... .. .
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smaller b~y an order of magnitude [for (A,/R,)1/2 = 0.1, compare Eq. (1.83-'a) with Eq.
(l~).Tints, it appears to be less important, hit. this conclusion~ is subject to tile residts

of simulations with more realistic parameters.
In Chap. 11, we set. upl the comp~utational problem of ideal plasmna-flow through a

meridional magnetic nozzle, beginning with a quasi-11D formulation. Results for isentropic
flow were shown for the variation of various fluid quantities along the streamlines. A
formulation in full axisymmietric 2-D geometry was then set upl in order t~o find the
transverse distribution of the streamlines for sp)ecified input profiles at the reservoir-
nozzle interface.. Also, the importance of including this interface in the computation was
emp~hasized. A finite element 2-D code for completely solving the steady iseiltropic flow
p~rolheml was constructed, with provision for a body-fitted coordinate system to deal with
arb~itrary nozzle shapes (including the interface to thle reservoir). The motivation for this
aplproach, as op~posed to the use of a straight cylindrical coordinate grid-for example, was
A o reduce thle number of elementary functions needed to represent the flow p~attern with
high resolution. The code was tested onl a case of um-magnetized flow by making detailed
comparison with anl experiment performed at the Jet Propulsion Laboratory, and the
formulation and computational method was thus validated. Additional computations with
this code onl magnetized flow wvere attempted but, were limited to wvall-conflued plasmlas.
The reasons for this limitation were found to originate inl the complexity of the various
critical surfaces (mnalogous to the Mach-one surface) in p~lasmas confined by magnetic
pr1esure. (Evenl in the case of wall-confinied plasmas, our code was unable to find a steady-
flowv solution with beta less than 1 .9, although such solutions were found for slightly higher
values of beta. The reason for this is not known.)

Onl the other hand, we were able to suipplemelnt the above-mlenitioned limitation
to wvall-conhuned plasma by analytically dealing with a field-free sharp-bouindary plasma11
transversely Confined by Imagnletic pressure. W~e showed how to make direct. use of the un-
magnetized flow solutions inl this Case, anld we uncovered a "stufig limit" that must, be
exceeded in order to keep) the sharp boundary mlagnietic nozzle opell. We recommilend thle
examination of the Mill stubility prol)Crtit-s of such shari bomtxy flowig equilibria,
anid we also note that such equilibria are not subject, to thie detacluinet lproblemi.

IN order to solve the flow problem for (lfitse phismia profiles tvansversely confined
by mgnetic pr~essure, we recommlend thle use of time-depeiident (initial value) rsistive
Mill) simiulationis, as opposed to "direct" sobition of the steady flow prtoblemn. The inlitial-
vaileapproach will niot be Sublject to the dlifficult ies associated with thle existenice o1' Several
critical Surfaces, anld it. will have access to unlsteady flow phenomena if t-hey should naturally
anld continually occur at large times.

We iittempkltd to accquire and motdify Slitci a CodeI for this purpose, h~ilt Were 111alble
to stiitably modify and systematically apply the code within the rstrietioas of our- 0.8

Mallpitreffort.
'o11c111ing with illoI'C getlernd Observtions, it. seesnt ural I fse thIe j408s114o;

prqi'duved M elevated temperatures tootilhigher n1ozzle exhaust Velocities in the face
.1.o1 h hni~tinso heialfes sa l ownt of enlergy per atom available), anld to
t:herehy increase the payload capacity of Space Vehicles (provided that t he reciuisite potwer~

cickte nddricthle lpasmas iire available). The mteridlional niaguetic i ozlC,
haeplma, constitu~t-es a conceplt d applroach to l fl'.f

'SOV4 6ya.teu., We also ricolmmendfurther studty for thL- azimuthal maguetic niozzle (nlot
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limiteed to low magnetic Reynolds numbers), because this concept uses magnetic fields
to r]rive the -lusma and relures no special prelparal ion of heated plasma in a. reservoir.
We refer the reader to the spontaneous heating process discussed in Appendix D, which
naturally leads to beta-values of order unity and also thernially contributes to the drive.
Finally, we observe that the plasina stability problems and concomitant inefficiencies to
which these devices may be vulnerable can be ameliorated by the introduction of magnetic
shear. The role of magnetic shear and the extent to which it would modify each of these
concepts is a worthwhile research project.
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APPENDIX A
THE MERIDIONAL MAGNETIC NOZZLE

Ill this Appendix, we derive some bitsic resits for axi-syllnlietric MIlD steady flow,
using the ideal MUD mode) (no transport, ell ect-S, no0 Hall eff'ect., no0 resistivity) ill a
con 1igm-~ation that. contains, no azimuthial iagactic fieldl, and concomi tantly nao meridional
currents inl the plasma.

Ohim's law is
E± Vx B3= 0. (A-i1)

In a steady-state configuration with azimthal symmetry, E0  0, and Eq. (A-i)
b ecomies

-. V,13~ 1;u 0.(A - ]a)

Thiis the meridimnal comnponent of the velocity field Vm1 is always lined up with the
meridional, magnutic field JAI B We wvri~te this condition of p~arallel flow as

hefactor n is generally not constant.
The uiass-coutiiiuit.Y cqitatiou

V -(101") =: (A-:3)

V.- V(iYjp) - (.-4

W, -)~t(p). is constant aiwtig. it Lttmiuie.' W~e denlote this colitanit by (

The 111o111itnuI kil-_tutio~ni bu I -WrittIella

'84tee Amperei&. hnwj, it,. v t.V lv V1 J'116~.04 61l, y "it Animit lil~ t, I -e
Costen y t lie Ow tr (Axii) Itth&qo"eI 4 ii ltt W- hCOIRIent,A44,a Itlet aituthad
_Cwn1poxlemt of .(A--6) *vIA4, simnply

Utltik Or 1h ~I &~ ux~illehg~i~t t ltlwe .- no' *jeIVIto iietiiviuii. u V I 4ig tii.



where 0 is a init vector in the azimuthal direction. But, -(V x n) = r'( V -V)(rVq).
Comneriiieni ly, (A- 7 hecmes

skv V)(i'vo) =0 (A -8)

so that (rlo) is constant along a streamline. If we siippose that the p~lasmla at the niozzle
inlet is genierated withotit rotation iii the reservoir, then (A-8) implies

V8  (A -9)

-at every point in the flow field. '1'ns, CV =.
We note in passing that, vit~h BO 0 and V~ 0, the azimuthal component of the

curl of Ohm's law, V x (V x B) = 0 is, satisfied identically.
We now proceed to derive tli- Bernoulli equation from (A-6). We do this by taking

the scalar product of (A-6) with 1 V.Since V ,j = .OBAI, and B =_Br,, the (J x B)
term on the rlis of (A-6) contributes nothing. Sinmilarly, V' x 6 contributes uothing. Thenm

g).(A-6) reads

('This cequat ion ikppears formally thle Sme as for tile Simple gas-dynaan ic nozzle heca use
htle ruagiet ic f ield does llot appear it% it.. However, t he shape of' the imagnetic lield lines

Ims to be deterillhed ill a sel-oisistelit wlainater with the flow field. That is, tile B&R fleld
vaanut et.ma given.)

III ileal UD, i mil) produict iol or Comiduct iol of hleat ill the0 filid, thle flo. IS-
Wivt rtople This.5 IIIais that the pressnre P1 ad density p are reated adiubatically alonig

QA '-11

ell hall low.) 53

lit 44.tksad mglsvliwq. (Ai -) 14) tat
W Qul 1.guetV miy pr kux



the thrust is obtained at the expense of the thermal energy stored in the reservoir plasma.
(Tlie pressm-le term above Is actuially the enflimipy per init m ass, that. is,[/- P~ 4-+P- P1,
which represents the convected thermal energy per p~article in plasma lus the work done

* per particle in vol-ametric changes of plasma.)
To complete our discussion of the mneridional magnetic nozzle, we shall make use of

the continity and Bernoulli equations to ob~tain results for the flow velocity in the throat
of the nozzle, for time thrust produiced by the nozzle, and for the power re(iiuired to lproditce
that thrust, all in ternis of giveni plasmla p~arameters and the niozzle throat cross-sectional
area.

For simplicity, let its consider a very thmin (quiasi-MI) tube of flow, of radius r(z-),
containing the central streamline along the axis of symmetry, in which the z-coordinate
rep~resents distance along this particular streanuline. The surface of this tube is assumedl
t~o be constituted of neighboring streamlines. Since V, = 0 on thme axis of symmetry, V,
will be very small throughout tis thin centr Ial tube, so wve shiall set V' ;z Vt. Then, by
writing the miass continuity equation, V -(14) 0, in its integral form over this tutbe of
flow, p V, rr2 =Const., and differentiating this result with respect, to the z coordinate, it is
easy to showv that. the followving differential relation holdls along the thin central tube.

12 (d\ I S' dr, (A 15)

Similarlyv, by differeutiating the .leruotilli equtation (A-14) with respect to Z, it is
e-asily Showvn that.

V~( )+ 0 (p (A - 1)
whe~re c()I/)1  oliusittes thle Io'al spr*'il of' iollmt ll~ tile pt)IilUl. TIlII by

Stibst itutig for I* fr i Eq. (A -15), we cuwritte Eq. (A-lt6) as olwi

1, 11i s (111iudameiut11 rehltioi provide~s ifusig~t 1,1114 tile hicad ratio 4~ flow sp'eVfl I" smtllt

5l~tot Ill termst of tivl VO 1'(1 Itl or dibigele 0 1.V T~I!~ItS 4AI;
an'11 klowlAu as flut101g oli e4ktuitin-5 Shwe V'. 1) 0 od (#1V./l1 ). I ill the. AlttCle

pidi tre of acceleratvd fo. w tl tse cn (A- I f a Il the o l!Veiring, poriomi of tile flow

flow, IiivI.) 0 ll ('. If'le 01,41mti f t hIe m17,ve
Stks) 11, alld sillve tle flow is ateleleratt lig 1i aildy evelu a fiik psoint,. wev Ilikmst h111tib

"It t ile thrtoat.

Bly uiiig remiti A- 17,1 bark il (A- 15), wt- I'mi

".7



V2

From the result derived above in (A-17), we found that, in accelerating flow, ( - - 1)

always has the sami sign as C. Therefore, the density p always decreases along ihie
meridional magnetic nozzle, (dp/dz) < 0.

The fundameital result (A-18) allows a. convenient expression t.o be obtained for the

thrust. of the meridional magnetic nozzle in terms of the plasina pressure in the throat (or
in the reservoir) and the area. of the throat. For these approximate estimates, the quasi-1D
model of the nozzle will be invoked for simplicity and convenience.

The thrust acting upon the rocket in a steady state is given by

d=-i) (A- 19)

where V, is the exhaust velocity of plasma and (dM/dt) is the rate of loss of plasma mass
-from the rocket. In the quasi-ID approxination, one call write

d- "z poVoAo, (A -20)
dt

where p0 and lVl are the density and velocity of plasrna in the throat, of the nozzle, and AO
is the area of the throat. Now, if we accept -y 5/3, then the Bernoulli law (A-14) call be
written

I V2 + 3 02= const.,

where C - (,P/p). From this Bernoulli relation and Eq. (A-18), one linds immediately
that

i (A

where C'81j represeilts the vahte of Cs back in the reservoir. Here, we have assumed a
Coaiditiou of zero pressure at the nozzle exit, so that G, = 0, and a condition of very tow
flow speed out of the reservoir, V1R << (SR

Moreover, since the adiabatic relatiol betweenl a Chanige of P and a Ciange of p is
iaiutaied (ill ideal Mill)) along the axial direction (in the quasi-lDl) aipproxinition), o!ne
C"I- relate the delsity rtad pressure of plastma i the throat to the density 4ld pressure ill
tile rteervoir. Using this adiabatic relation and (A-21) we find

or

:I. ..

4

I (),

z: "r " "2/3.- A 22)

4 t



From this, and again from (A-21), it follows that

PO p0Co. 'S 2 (A- 23)

PR PRC'R 3 2

Thus, in the throat, the density ls dropped to 2/3 of its input value, the pressure has
dropped to half of its input value, and the tenl)erature has dropped to 3/4 of its input
value.

The thrust, from (A-19) and (A-20) may, therefore, be expressed as

(AopoVo)Ve (AopoCo)(2-,so) Ao x (2poC20 ) = Ao x (2 yPo),

or
_10 5

T- -~.(Ao Po)" -(AoPR) (A- 24)

for -y = 5/3. Thus, in the meridional magnetic nozzle, the thrust is a numerical factor
times the plasma pressure times the throat area.

It. is important to know the strength of the power source that is requirel to produce
a given value of thrust. The required power may be found from the power expelled by the
flowing plasma. Neglecting inefficiencies due to thermal conduction, radiation, viscosity,
resistivity, and rotation, the expelled power in the exhaust is

P (A x V (A- 25)

where the subscript "e" refers to downstreani asymptotic values at the "exit." But, in
steady state, (ApV) - (ApV)o. Hence

P = p Vo V.' = ,)V2, (A- 26):
2 2 d

or f'om (A- 19),

P We . -.26a)
2

With =,5/3, this becomies, il ternis of throat values,"

P- (Ao0 )Cso) =TC"0 = " AoO, ,(A-26b)

Where .. t) , ) witl 17 t eiitg the phislia tell)er'lt ire in Iroat of the uazzle,
aad mi the ion knass. lhre, we have*used (A-241) for T and (A-2) toi "

hI itrlls of reservoir vaies, the power ckmi adso. he writte as

VeqaL 001 240.
" .,r) ) i -6

. . ..• .. ." . .9



To summarize the results for the meridional magnetic nozzle, Eq. (A-21) relates flow
speeds to so1n( speeds, Eq. (A-24) gives the thrust, and Eq. (A-26) gives the required

power. It is important to qualify this result for the thrust with the observation that it is
contingent. upon overcoming the "detachment problem." This critical problem is addressed
in Sec. I-C.

APPENDIX B
THE AZIMUTHAL MAGNETIC NOZZLE

We turn now to the case of an azimuthal magnetic nozzle, where the meridional
magnetic field vanishes, BI =- 0. We shall always assume steady axisyulnletric flow. This
configuration contains only meridional currents.

The azimutihal component of Ohm's law, Eq. (A-la), is satisfied identically now, so
Eq. (A-2) no longer applies.

Since f0. (J x B) = 0 just as for the meridional nozzle, the azimuthal component of
the momentuni equation, (A-6), reduces to

just as before. lere R- V x V. This result can therefore be writ.ten as

(V V)(vVo) 0

so that

along any streamline. We shall assume that the jlana is gwerated without rotation.

(Cousequeutly, 1'V vmaishes along tdl stremllhines,.

V.0.

Next, let us consider the curl of Ohm's law,

V x.(V xv 0)t

SThis van be written as -Y.... -V.! +.13 -V1 V.B 0
... From tie eonf~tt~iuty~tion thie lit'bt terni in (l3=2) van le wntrit ats

'mThe 6ecoT01 terimi ill (B-2) Vai W % wit-t.'a as

V)I 4 -tot.
• . -. • . . . . . .9 -. :

(/ . . -" " !. .. : .. . . . . .0



where and 6 are unit vectors in the r and 0 directions respectively. The third ternm in

(B-2) can be writhi as

-(V.- V)Bl = -(VA1 , - V)(6B0 ) = -i(V -V)Bo

The sum of these three termis converts Eq. (B-.2) to the following,

P r

or, multiplying through by p,

(pBo) (X)=p(V V)Bo - Bo(V -V)p.

Finally, dividing through by p2, one recogniizes the rlis to be the derivative of a ratio, ()
Thus,

Noting that

x 611.- (V -V)(Clnv),

U~q. (11-3) can be trausformed to the following,

(V~ ~ ~ (V) e'. V)[Cnw1= 0,

orip

The voittition imapj)icA by this 1,4itatioai is that the quailtity (VOIr/p) is coIustailt alonig a

Cottreallnilinaile.e 4

At h i~s jpt.hit, we call 6eght to derive tilt- Itrliulli C41gmtt iont ffr t lie azilillit 1111
11111giltic n1OZZICI Fot lte tioeuui jttui(A-6t). As I Wfo', taketile Scar pro*duct

-of P-11% witli,(A-ti). Tiw resiltig elis Wjust, ,w before, Itiiely

Thle rils is as follow$.
j

P,



We aim to transform the "rhs" into an integrable form.
Noting that..0 =_ 0 in the azimuthal Magnietic nozzle, and invoking azi llls

symmetry and V' 0, together with Ampere's law, /zoJ = V x B, a straightforward
calculation of "rhs" shows that.

rhs = V J x B = - ) (V. V)(rBe).

But Eq. (B-4) states that (Be/pr) is constant along a streamline, so tihe above expression
can immediately be written as follows.

rs= -(V.-V pp (B -6)

The differential form of the Bernoulli law is obtained by equating (B-5) and (B-6).

-? -)Iv2 __p+ B02 0 (B - )
(2 -Y I P o

Integrating along the streamline, we have the integral form of the "magnetic Bernoulli
eqtuation," P 4,= + +BO.= , C-i B- 8)

2 -I p lop

or also,
4, 1s- q %,'4 (B - U.)

where C4 is constant along the streamline, Vs is the local adiabatic sound speed, and CA
is the local Alfv~n speed,

Froiml t:his Bernoulli law, one can immediately observe thlat iii order for the (J,13)
111-"mginetic forces to accelerate the flow -, it is necessry that, the lUantity (I1/p) decreases
.alotug the st~reaniliae l1om the )oilit f vlew of inagiletle body forces, the (J.BHo) magnetic
.fore froul the diverging current field accelerates t ie plhsma in the axial direction. The
diverging cturreints (which requhir an outer coaxial electtrote) imply, from Ampere's law,
that 110 derelases inI the downt'eant direction.

TO C4Oii'j)lete our discIssion of tilt- azitutial ulaglt it inozzle, we slntl derive tle.
Ihigoniot equtious for this azilnlthal mugnetic.configuratiot, and shalluc the- to
est.iiutte the flow .peed, tirtist, and power of a coaxial magnett iozzle.

With a coaxial, nozzle 'it mind, we:cotisider a thin amiinlhu. tube of flow of radils
r(z) and radial thickness A(Z) with 'A %. I it lit qnasi 1 d appr'oxindioll. ti-lle mISS

ictmuity 4Ieqtion call be written iluIts 1itogral formu over this tube as,

that is. thle uabwe cfiinntity dtw 1101t vary ill thev flow dirmliom, lere, V is tile nwierdiomda
flow volocity a4dujig the tube. Differentiating (11-.9) with irespeet to z, the axial coordlinlat,

. .0.

e "ic , E)92. ." - ,2



Next, we differentiate the Bernoulli equation (B-8) with respect to z, using the
...ada)atic relation hetween P and p along a streamline, P = coust. x p'Y. The resulting

equation is easily found to be

/ dV\ (dp\ 1 C2 IBo_ 1 (C2 \
V ~(d(~ (B-li1)
dz k+ dz cB \dz p A daz/

where the local speed of sound Cs and the local Alfv~n speed CA are given respectively
by

Cw2 -Y P ,a~P
p

c, _ B2

A IOp

Now, by differentiating Eq. (B-4) with respect to z, one easily finds

1 _ ( =o ~ + (B -12)

Then, by using (B-12) in (B-11), the latter becomes

V (di) . ( 4 2 0 C-()13)-

where S is the local %ule of tile ftut, magletosonic Spet d, giveti by

-' 2 --.2-

The use of (B-10) in (B-13) theii yields-

(V2 _.•1 (j ) .I•~~ d:'s A t; i £ 1J , th/

()-A)t (r wr)(D114a)

tiz, also#I.

majttiiis (-,10, U1.14) a' lte ihltigoinot ti(timliolvZ fQr tlite avilmilhal Iiiietic nio-,mle

At, Ihis point it will be. \rsefild to dimtiut,. kil- I

II I IhIdI .~I 1 I I......



(The practical difficulty is to find the right shapes so that the inner and outer
boundaries constif iie equipotential surfaces of electrodes. This constitutes a serioms
computational problem that we do not address in this report.)

Case i: r(z) = r0 , fixed, Thickness varies. For fixed radius of a flow tube of variabte
thickness, Eq. (B- 14) reads

2 V (dV A1 d

Thus, for plasma to accelerate along the annular tube of flow, the channel width should
be convergent (4 < 0) for V < S2 , and divergent (dA/dz > 0) for V 2 > S 2 . At
the throat itself, V" = S2 and (dA/dz)o = 0. Thus, there is a strong similarity here to
the cases of gas-dynamic and meridional magnetic nozzles. The adiabatic sound speed is
simply replaced by the fast niagnetosonic velocity, but the constricted (anular) throat is
conventional.

Substitution of Eq. (13-15) back into (B-10) yields

S +.2/S2 I (B 15a)

From what has been stated above, this equation demonstirates that, for a flow accelerating
along the ainular tube, the density p(-) always decreasies monotonically along tile tube.

A = Ao, fixed. Radius varies. Now Eq. (1314) 'eads

14'w fixed ammiuhr titickto of Iriaible radius, we discern tile poibilty of "anomalous"
behavior When l C

" "- For (!. .C1' (hligh.ewta plasma), w'. se t, a n eleratio 6f the pliim4a alolg the
tube retumes Coll emgenice (i!** 0) ShnV~' 2 oud divergence-(1k 0) when V*2 >,'
At the throat, 1 with 0.)o . Therefore, il the .igh-beta case, the th1rdat

be¢ I)C "o Iiiiary..
" "Fwo C'r , K ti.'old .hsisia or how~l'lta li), We sete t ievlerl ioit of lhislma

a loi. th tithe epoit es div rg mie whe-ii V, , tSid convergence whenm 1"2 A Agail,
at the "ihati," 12 , with -% S if. - ,th r, ill the low-beia v e, tIe alV it.
.. jtkl) lir to by atilOIlittlOu t te iii tulld eall it un "iilti-ti a t.t 2'apiw t; to be, iI !it I Iva

Substitution of (3 46) back lito (0-10), yivds.

Ill the CIAs' of ,nillal mntmiti field (litefigihhe (A)t olie frtitki tlool this that. Ite d niity
z)deeeases iolkaiullically 4huu0%l tilt- tubI shtoahig "Iord iiary lwlwvior,

94...



In the case of cold plasma in strong magnetic field, the equtation becomles (with

-- w- =. (B - 16b)

From the preceeding remarks abot. Eq. (13-16), one reaches the following conluision-S
Lbout the b~ehavior of the density of cold p~lasmla. in a strong azimuithal field in a tube of
constanit annular thickness, by examining Eq. (B13-b1).

For V 2 Al CP(z) dlecreases along the tuibe. (Divergent radius).
For , A < V' < 2CA1 p(z) skill decreases along the tube. (Convergent radius).
Fr v 2 > 20 AP(z) icreases along the tube. (Convergent radius).

Finally, we obtain expressions for the fhrust and powver from these azimutthal magnetic
nozzles. For- simplicity, we shall here assuime cold plasma (hot enouigh to be highly
conditing, butt cold enouigh so tha S~ , A everywhere). Hlowever, Appeidix D will
leadl us to the conclusion that tue neglected thermal contributtion is aboutt equial to the
magnetic Contribuitionl, and has the samne scaling as the magnetic contrilittion becaume
0 z 1. Conscqiemtly, tile followinig formutlas shouild he viewedl as giving the correct scaling

but anl miderestiniate of the mnagaittudes (by abouit a factor of 2).

i)Thrn. and Power for the Annutlar Azimthlal_.agut~~~o 'osat cj
Basic to this discussion is the bernxottli law, Eq. (Fo-a.lr cold plasma, it, reads

I VI ( * constaint alon g the aniitilar. Wbe.

Evatmu~thu etat ion at tr ozeieceiver or reservoir end (11), at tie throat (0), and

at tile 1nozzle ext elld (4 we have

3

lit~~~~~ whc ehv * at f hey thr oat in. acovdatice: with It Eq. (W 15)' with

omnt ftUn )i. (13-4), for~ the i coastui*,ai anilots, tve hauve i.lhe t.oIlowiog .~tre 6" long
the NIX~e

coils (L 19)

jh 0' (1 204)



and,

Bo 2 3)? (r? .. 201h)
3

1T1111, hoth the mass density and the flux dlensity at the throat have dropped to 33 of their
iput values. To evaluate the thrust, we write, using (13-1 7) anld (11- 15),

/ dtl

= (oIo~oVe= (PO(.'AO)(\f3C"AO)Ao

= i.~(pC'O)Ao \/'O- Ao

= 1 (221(43) ( ) Ao, ( 1
where A0  27rr0 Ao is the area of the annular throat of the nozzle, anid in which E (.
(13-20-13) was invoked at the last step. But Don is related to 1, the iput (gun) current
app)lied to the electrodes, by Ampere's law, namely,

(B -22)

SiiIstituion of (B-22) into (B-21) yields (with Au 27rro~o),

%Vc t herefore' 611( t hat tihe aluih m~izint l~ h 1d tiozl of csIv~lkit Uradims (variubk'.
floidmewss), usig a old-plaismits thle %vorkilig.11,id, pro(ttiems a thrust which d' mid.; ouly
tipoll thempittre of the'ecurrent and oil Ole ratio of iiozzir thickniess to radikis Itt tile ttnoat.
Neit hier the plusitut detisity nOr aly aIuztle diuneIC1401 by itself lils mny 6.ndividutal efcitdo
the tliciw4.

To val1.uate the. pqower expehled by the Itozzlivi We Writt ..

(V A)eI

S Iuie thle thirtwt is T'-- /d I~ t he power voi be ittna

Iivn (11-17), and Aulptus tWAI,

V ~~ V~CA, it/ 2t~ ~r 1

ho. .



Using (B-23) for T and (B-26) for Ve, tile power expressed lby (B-25) becomes

(1/ P ( (B - 27)
2( 97r2> 0 3  

_/_PR r0 \V 0 .

Comparing Eq. (B3-23) and (13-27), we see that the p)ower rerpuireient. for- a given thrust
can be reduced simply by increasing ro, the annulus radius, for fixed current anid fixed

The current-voltage relation for this type of ammnlar azimuthial magnetic nozzle (fixed
radius, variable thickness) can be olbtainied simplly by recognizing that the expelled power
canl ouly conme from the electrical power applied across the inner anid outer electrodes,

P =IV (B - 28)

Here V is the voltage applied across the electrodes. E utating (B-.27) and (B-28), we have
tile followinig 1, V relation.

'~ ~ ro)

Therefore, th ozeedii B 1 eteis nonlinear and it; proportional to curreat

Bi), 'Tj~nm4114 _PoWer7'forJ theA v' rzm.ja J11vikNzleo ostn hikes
At th Witi-throat whewre dr/d.: t, we have showiti ta

givell fh I ld W I51t hnitlortwer, from I lie BHernot.lli1 etloat inn .a) We. still hav~e
the, followilig aelationg coiiijlctW% t hie nr rvoir' til iwot exit poiiit s. alolls kIle flow t *be.:.

AO* 3

Notiniji .4'), 1 hatI Bie I wott rj 4do04% tle flow tnlK~t it ma the 1 loxvil that

3 B014-11'

Usih Abo *buvi ationill, ct Q j Ijqj). It I4 ~ ) ~h141 t lo tIII t i



which is exactly the same as for the constant radius nozzle. Similarly, onle can show that
the reqiiired power is

I dAI 1, 2 l, 1 (.3 1 )\ ZAo ro,'~jZ B-1
P 7  ) e 1J 1l VT = 1/2 'B- 1

-2 _ 22 67r2 .0~ PR 7.0  rR jR

Comparing this with (B-27), wve find that the power iisage in the constant-thickness channel
of variable radius is larger by (ro/rR) than that of the constant radius, varuable-thickness
channel,

APPENDIX C
COMPARISON OF PULSED AND

STEADY-STATE SYSTEMS

Becamse steady-stpte btinis tiee(l to huave their exholust velocit ies near thle Vehicle
velocity im-rellielt of d.ie likissioll (AV') inl O&t(kV to r",lize suibstautial payload mass
fractin w015'ithmout excess.ive power coismmupt ion, onec is forced to emisidkr plasimas with
tt'tiilatui'C8 in thle few ev ratige (AV it) 100s) Ill this case, the plasula couldtitvitV
does tit-t prtadfle it very fighit coupling of the pktsmuia and tile imapmetie fields, for eitler
kindl of ulaglet kctoue

I loever . t. is possible at prenlt t o proiduce tfur hot ter (or' iiiore eliergetic) llasillas
(SeVVerAl hildred eW) ill smOrt ptniksss (thIet a Itiilii jphsillas for iwriditmial timiaguet ic 1ozklsi
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AV. The solution of the rocket equation was invoked in writing down Eq. (C-1). But this
obvintisly leads to the restilt that.

A V V(' r?* A .- = 'le ( - 2)CP ej "p AMf,p

where Ali is the initial total mass of thie vehicle and Allf,p is the final total mass, of the
vehicle inl the pulsed approach to the mission.

For the steady burn app~roach, we have

whe-re 1VI' is the exhatist velocity of thle Steady-state 1)laStfla, an1d Ali. is the filial total
muss of thle vehicle inl the steady-butrn approach t~o the mission.

Since A~V is assued to be the same for both app~roaches, we call ecjpiate (C-2) and.
(C'-3). The result cam be expressed as follows.

Qt 1.l WIC 2 alre respeect ively thle rsrvoi, (pre-11oz4t'e tepkal livs 04tesed ad
plilsed plaiits, And we hauve layuked thle ia obewei.C*dtausk velocities Wid pre-iiozzle

As ;%i cmumpo stipjtoe thait m ~ itvd 10- 2. 'huell AT

IIIi III' ciletti tile d lns' w~ of 1.he itiakl 1 ,
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Replacing the exhaust velocities by their teniperature equivalents, and again noting
Eq. (C-6), we can write (0-5) as

Mi- Mfo (At), TP (C- 7)
(At), kMi - Alf,,, T,

Noting (C-4), we can re-write (C-7) as follows.

rTA

T )L TP
• . ~(At), -T. - ( 8

Again, as an example, consider Tp = 100 T, and Alf, = 0.5 Al i. One finds ( 13.4.. (A t i '

Thus, the operational burn time becomes somewhat longer in the repetitive-pulsed scheme.
This is a simple consequence of the requirement that. the time-average power remain sniall
in the pulsed scheme. Note that the dilation of the burn time goes essentially as ! T.

What about the required duty factor of the pulsed system? Returning to Eq. (C-5),
we write it as

AT T f (0-9)

where NI, is the instantaneous mass flow rate during a pulse. But, for equal densities and
equal areas, for example in the throats of the nozzles, this expression reduces to

( 3)/2 (-0T,,
Clearly, expression (C-10) is easily generalized to accommodate different, densities and
nozzle areas in the two schemes. Thus, if 7T = 100 T6 for the ratio of temuperatiures
of pulsed and steady plasmas, then we have r 0.001 for the chity factor. lit this
case, a millisecond pulse would be repeated once each second until the required Al is
attained. For example, it. has been demoinstrat-ed that theta pinch lifetrues fromt endloss
are a few times the axial thernal transit time and are insensitive to the plasma beta and
to the degree of collisionality.16 Thus, a 1001 meter theta pinch with a hydrogen l)laSlI,
temperature of 100 eV would last for abolt olie ills, if it. were stabilized agallnst "bad.

curvaiture" instab ilit ies associated with end effects. (Of cotirse, one would either have to

bend the pinch into a "U' shape, or else tise t conical theta pinhl.) Other kinds of hot
pilsed plasllas could also be considered as the propelling plisma fuel, in the class known
as coipact tori (F'ield-reversed (.lligurationso iaid Spheronaks I').

*In the foregoing discussioll, it. has beeu assiuiued folu siiiipivity thai the initial total
m1ass of the vehicle is the sallie for the st-edy-st kite anld pllsed schenes, evell t hiough tle

power sources and ancillary elipllellt, wiil be quite dilerent ill the two cases. i'lowever,
it is simple to generalize, for diflerent initial mailsses,, Ali, and ,,,. Now, Eq. (C-4) is
replaced by
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For example, with T. = 100T, and Mi,, = 2.Af,M , the result that (.Afi,p/lf,p) = 1.07
still rppresint.is n tremendnis improvement in nlass ulIilization even thouigh Mi,, ma.y he
sonmewhat heavier t.hai 1i,,. Lookiig furlther, we find that. Eq. (C-8) is replaced by

(At), M,, T 1 -• Mi,.

CIlearly, the nominal burn times, (At)p and (At),, will remain related essentially as before,
for the example T= lOOT and A'li,, = 2M/f,,, provided that the initial total masses, Afi,p
and Mi,,, are at. least comparable. Moreover, the required duty factor is still given by the
relation (C-10), regardless of the initial masses.

In concilusion, the basic advantages and disadvantiages of t he repetitively pulsed burn
scheme in comparison with the steady burn schemne may he sumnmarized as follows. The
pulsed hot plasma scheme affords far better fuel mass utilizatiou, and far better coupling
of plasma to magnetic fields in virtue of the higher plasma conductivity. However, the
requirement of low time-average power utilization forces longer operational burn times
for the pulsed system to achieve a .given velocity increment, the burn time dilation
factor being given roughly as T,/T. This longer operational burn tim e with the same
tine-average power utilization then implies that the initial on-board energy storage in
the pulsed system must be larger by the same factor, \/T,/,, and it therefore puts
a premium on the availability of high-energy-deusity storage (per unit volume and per
unit mass), Moreover, other important issues arise, such as the reliability of repetitively
pulsed, higl-instantatieous-power systems; and the imlications of longer burn times for
the astrodynamic lrOgianinfing of the vehicle's mission.

APPENDIX 1)
ION HE.ATING PROCESSES IN A.ZIMIUTHAL
MAGNETIC NOZZLES, AND. THE ION BETA

For the meridiolml maginet ic nozzle tolfiguratiou, it his l b t ssimed he-en tha-
the plasma, reservoir is const 'ucted and li'ogratimued itt soch'-a nwitierit the lutte.n -i
plusiim lriture stilstaintilly balaties the external p1a.-gKthiressmi-t h I m.'adi:l-

direction, and that this condition is at least popioril mity pr s.rved dowustref-i. If !
a-lli -iitgiilielit Call be achieved, it coWst . t ied _t1 t,. -.
field, hi fact, experiments in 1nigitieti. ftlsioi jIsna i eei.aaeiont iwlI-
high-beta .1) plhasi ae iolt ,ely.pwothced, -1ti'i ai t. a l S, li -zpit 1tiid

tiold-evirsetl coiihigiirtioiis,., 1n V Ait ot theii' l t t! l i it4-:ilelgiet , Ijivhe. l hN tii.h!e t f i t :

the last of tlie"e (lrs h.,ttltlg uI'ivtei Flo siinove tigtiiamd I tabit-t ;4
the lltitila) would iviati4: ii eb 'io t ie -&riciioil iiiiulet

trlri.Wil agiei ionAe lh -e i
. t OVIO ious at hti~t, glmti.; ~tit l If i ;t idit~iTtii .o i's to be xexertdin the -atokgoiu :
ield extiiple of coaxial 4h~)lts i lt he itilihi' !egion of azimu: hld itigmi-

Weo shall arguiI t h ; i co.ditioi . oslyoldd ilided.he expi tid i i s4110
* " 'devie s, itide' ideal coiditions. (Ofom*i', Iihe i ,NliWuiltijeivt. 1. ie .. St -. s ream
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The ar guinent is as follows. In coaxial plasma guns and azimuthal miagnetic
nnv-.7les, ilike tlw meridlional niozzle-reservoir concept, a pre-existing reservoir of
separately prep~ared hot. plasmia is not actually p~resent. Instead, cold neutral gas is
"continually"introduced into the ftbe during a "shot" or a "run"~, whereupon it is ionized
(by plasina already there) and suddenly picked uip b~y the appllied fields and by Coulomb
collisions with alreadly-fiowing p~lasma. For the case of short. Coulombl-collision mean-free
paths, one canl draw an analogy to the situation of dropping sand onl a conveyor belt.
Newly-ioiiized ions suddenly appear (from neutrals "at rest"), and this introduction of
added miass into the dynamical system corresponds to the appearance of sand dropped onl
the conveyor belt. Now, it is easy to show that the external forces maintaining the flow
velocity (of sand or p~lasma) are, in fact, providing both mlacroscop~ic flow energy and heat
energy (to thle sand or plasmia) at equal rates. Consequently, inl thle absence of losses, one
finds that anl initially cold, plasma-fluid element (in which ion miass continually becomes
entrained) will have its flow energy and thermnal energy about the same, i pV2 ;: Pa

any later time. Since the flow energy corresponds to a characteristic flow velocity-scjuared
given by V 2 ;zt C1 + C!,2near the throat of the azimuthal magnetic nozzle (see Appendix
B)*, where C2 = B 2 /1(ji0 ) and C2 = yP/p are the squares of the Alfve'n and sound
speeds respectively, one immediately finds from jpV12  jthiat ~ 1.5 forY = 5/3.
(We defined a local beta here by j3 p/(B2 /2p-0 ).) Thus, I is a reasonable relation
to use when considering collisional p~lasm~as in azimutthal magnetic nozzles. Also, in the
case of coaxial plasma guns, one call argue that the magnetic field drives plasmas at or
mear the Alfvt~n speed, leadinig again to the conclusion that 1.

For a plasma having long collisional mean free paths, ~\>r,,, the "13" argumient. for
the -Uinluthlal miagnletic nozzle is different in dletail from that given ab~ove, but. the end result
is essentially the same., For p~lasmla ions of low collisionality, the argument is based upon
the 8, 1lailliess of thle ionl gyro-radiis inl columrion with till nozzle dimensions, ri << L.
Tablv 1.5 showvs that this is probably a reasonable assump~tion for all hut the lowest ion
deip.,ties (ell'scn~, In Slich a ease, onle canl show thlat thto li-xial velocity
inl Steady flow is bitsiclly tile slim of the (E,./flO) (it velocity of the guiidiug centers of
the ionls, and thle diatninglietic flow velocity associated with radial ion pressuire gradients,

Her Ice B~O is tile azimuthal magnetic fieladt.sterdaleeti il o t
gteIeralizati mu to &xisyuiletric cotifiigurationis). Thle latter velocity arises from incomplete
CMInCellationl of 'ueighbi-ing itl gyro-orbits inl the presence of r~adial uon-uniformities of
ion priture. For the purpose of a simp~le plausibility argument, we shall now consider a

~plasilua ftrec (i tansverse 1101.Ii! fiorniies. Thenl, the guiding-center drift. velocity of the
101V, . E,/Th,, also constituites tile ion flutid velocity. (The notation, 11 , uieaIS that
cinle all also think (if tik velocity as the velocity of nuaglitic field huies.) If we row consider
the -orbit of a suiddenly-ioiZed ionl, inkitially at reTO ill crossed elect u'ic anld mlagnletic fields,
jo, lld B0, we illd thle followinig. T1he ionk o1bit conSists Of It gulidinig *ceut' drift velocity

ni byv VI)~ 1 ' t laid ulur glutioui Of thle particle il tile (r~z) pilne ot.tt

H 1ero, we inivoked Appelidix It which kleglected lim"Sassc rauuueut -inl tlet flow. 11111S),
SI ricily speakinig, we aee '8stimiug 11rM that the' enitrudunuenIVt pI~ocess is limited to the
Xioll)i %Ij)Staitl of (tht- throat. We believe f hat this Ccol~'tlul detail, if' Ultered4, Wo004

tuo iutdia~ethequaitaiveconhwiuuthaltt. i 1.
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guiding center. Here, it. is essential to note that the circular velocity of the ion about its
gidding center, Vi, has to be the same as the guiding center velocity, V = VR, becallse
this is the ohly solution to the equation of motion of a charged particle in crossed L" and
B fields that allows the ion to be born at rest. (or with a velocity small against. VB). The
consequence of such an orbit is that the energy density associated with the longitudinal
fluid velocity, n.miV', must be the same as the energy density of the "thermal" motion of
the individual ions gyrating about their guiding centers. That is, the circular gyro-orbits of
.the ions about their guiding enters constitutes an effective thermal pressure of the plasma
in the meridional plane (perpendicular to B 0 ). Since according to Appendix B, the fluid
flow velocity in the azimuthal magnetic nozzle is on the order of the fast magnetosonic
speed (with -1 = 2 for a collisionless plasnia), we again conclude that )i must be oii the
order- of unity (subject to transport, losses downstream).

The arguments above strictly apply to ion heating, because the process of plasma
generation involves ion inertia being introduced (by ionization) into the moving electro
dynamical system. Heating of the non-inertial electrons in the azimuthal magnetic nozzle
must be treated from a different point of view. This is carried out in the following
Appendix.

APPENDIX E
ELECTRON HEATING PROCESSES IN
AZIMUTHAL MAGNETIC NOZZLES

In discussing the meridional magnet.ic nozzle concept, we have assumed the existence
of a reservoir of prepared hot. plasma, in which electrons and ions of a given temperature
are introduced at the input side of the nozzle and thence flow through it. according to the
rules of coml)ressible Mill). llowever, coaxial plasma guns and .zimuthal magnetic nozzles
(MPD thrusters) do nat work this way.

Therefore, this picture wits modified in Appendix D, to take into account, that the
upstream source of plasma in azimuthal nagnetic nozzles is really cold un-ionized gas.
Conceptually, the latter constittites a sottrce of inertial mass which is "legislated" into the
dynamical systvmi consisting of ions and electric and magnetic fields. (Tile complicated
ionization processes that nmediate this conversion (o not. need to he considered in detail
here, aside fhon the fact that they exist.) We them found that. for either a small mean-free
path for (Ioulomb collisions, or am small ion gyro-radius, the sudden imteraction of ions
initially at rest with the moving dynamical system actually cotstituted am io heating
medlanisin leading to "beta" values of order tuity.

Because of the tiuy electron iass, this is liot a realistic lliechaisill for electrot
heating in these azimuthal tm.agnetic nozzle devices. Instead, one must look to eclqiipartitiou
(temmperature relaxation) anld Ohmic heatilig, which we now (o ill this Appendix.

lhe treasonfltat die t-olik of electron ltthng is il)ortant here is t'latt if tie elect ron

beta (n7T/(1B1/2po)) is raised to the order of unity, then the elect roll pressture cont ribttes
significantly to the fast mageto-solnic speed, (I 4 ('2, a id thereby increases the flow

spt'(d of the plasma tlhrouth the nozzle compared to what it, would have been with cold

electrons.0
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I. ELECTRON HEATING BY TEMPERATURE EQUIPARTITION WITH
THE TONS

First, let us consider thermal equipartition between cold electrons and hot ions due
to Coulomb collisions between them. We shall calculate a time-scale for this process and
then compare it to the transit time through the nozzle. In the absence of all other processes
except this temperature relaxation (considering for simplicity a uniform two-temperature
plasma at rest), the basic equations can be put in the form 2 of coupled ordinary differential
equations in time for the evolution of the electron and ion temperatures, T, and Ti,

dT,._ = -V(T - Ti) (E- 1)dt

d_ =V(T - Ti), (E - 2)
dt

where the nominal equipartition rate, v, is given by

v=2 (E-3)
mi Te

and r,- ' is the electron momentum transfer collision frequency, vj, introduced in Chap.
1., Sec. A. In the absence of density variations, v depends upon the electron temperature
as v cons. x Tj " ' 2 . We shall express this depeadence in the form

•V0 (E -4)
3/2

where v0 is a constant rate corresponding to coaditions at the initial time, and T 0 is the
initial (upstream) electron temperature,

Au obvious result of Eqs. (E-1) and (E-2) is

T +Z = const. = T+ =To + 7T, (E - 5)

where 7 0 is the initial ion temperature and 7'+ is a constant. Next, defining a time-like
va'iable X, and nor, aalized templeratures r and r+ by

-2ot, (E - 6)

T
anr I 1= .

2 7,.0

E q. (E-1) can be rewritten as follows.

r/-- .... -(r - +) (L- 9)
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This is equivalent to the integral relation

fX - (E - 10)

The integration can be accomplished in closed form, and the result is

3/2 r+ [T_/2 3 2 /2~ IT 1] +.r ' [arctanhl 1/2$) arctanli (1)]2
(E- 11

This relation implicitly provides electron temperature as a function of time, r(X), with r+
as a parameter.

The time-dependence of the electron temperature due t.o thermal equilibration with
the ions is generally complicated as is aplarent from Eq. (E-11). However, a simple
result can be obtained when the ions are hot and the electrons are cold. Thus if
r+ > 1 ( T0 >> Teo), and if r+ >> r (-To > T), one can expand the inverse hyperbolic
tangents to fifth order in their small arguments. Then, after several cancellations, one
finds

T 5/ 2 _ ,r12 53/2

From this result, it, is immediately clear' that the effective equipartition rate, t -1, is given
by

( T~o3/2

~where, in, hydrogen 1plasma with CvzA 10

vol 22 L 2 × 10-  - 14)''
,hi T O T 2(eV) '  (E- 12)

-- It can be shown that, for hot ions antd cold electrons, the final electron tenipoa~ure

~is half of the initial ion teilperature, indep~endent of tihe initial electron temperature. At
very large times, (E-(1) reduces to

2

Intehg ielmt ,hei ,t -~~ lr~ the time dlependec ot' Te is functionally

d cifferent fronm (IE-12), bttt still contains prac'tically the samte characteristic time scale.
Thuts, accorditng to the time scale implied by (1,-13), theL eqttiparttoi. rate is multch smaller
than ti hen the ions ire mch hotter that the electrons. The effect ive ejuipartltio rate
is ohtainehd (except for a witnA 10ictor) by replacing the initial electron tenperaire by
half tile initial ion temperature (which is dso the final iot ttemperature).
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Since 13 3- 1, the plasma transit time throuigh the nozzle can be estimated as

tZ =ez (E -15)

where vj[d- ] = 1.3 x 10Th/2 (eV) is the thernal velocity of a hydrogen ion, and e. [cm]

is the length of the azimuthal magnetic nozzle.
Now, using (E-13), (E-14), and (E-15), the number of equipartition times during a

nozzle transit time can be expressed as (assuming T ;, Ti0),

- 2 x lo I (3cm-), cm (E- 16),.W, × - 2 ,, ")

It is interesting that the number of equipartition times depends only on the ion
temperature. As a working example, we take e. = 102 cm. Then we have the tabulation
listed below (Table E-1) for values of (tz/.q).

TABLE E-1. The number of equipartition times during nozzle transit
tq for f, = 10' c~n.

T[eV] 10 100

n[cm -3 ] 
- 1013 2 0.02

1014 20 0.20

101' 200 2.0

We conclude that the extent. to which the electrons are brought up near the ion
temperature by energy.transfer during (Joulomb collisions with the ions lepends very
sensitively on the ion temlerature. For 10 eV ions (Alfvbn speeds near 4 x 100 cn/s
since 13 ; 1), Table E-1 shows that equipartition is to be expected at all deasities of
interest to us. lowever, for 100 eV ions (Alfven speeds near 107 cm/s since / t 1),
cquipartition is achieved only at the higher densities.

U. ELECTRON HEATING BY RESISTIVE DISSIPATION
We now cout.hime on to consider Ohmic heating of electrons in ainuthal Imaignetic

nozzles. The equation describing this process contains the resistivity ij, awl the sqjuare of
the current lensity J, and is2

Z ." OE - 17)
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where n is the plasma density (assured constant here), T is the electron temperature,
where D,, is the instantaneous resistive diffusivity,

(D,I)MI s  (in ,(D,)) ' = C-- 2 ,(E -18)

with p. = 47r x 10- ' henries/meter, where (BO)AIcS is the azimuthal magnetic field
in Tesla, and where e (nieters) is the characteristic length for spatial variations in B.
In writing the second eqcjation in (E-17), we have used Ampere's law to estimate J in
terms of Be. This type of heating relies upon randomization of electron momentumi by
collisions with the ions, rather than direct energy transfer during a collision. Electron-
electron collisions subsequently incorl)orate the isotropized momentum into a Maxwellian
distribution characterized by an electron temperature. Although temperature equilibration
with the ions and resistive heating both occur simultaneously, we are considering them
separately here in order to clarity the behavior of the individual processes.

Since D, depends on electron temperature as Te" / 2, we shall write it as

3 /2DoLeo
Dn = DOT' /21 (E - 19)

where "0" refers to initial (upstream) conditions. Then, defining a normalized time-like
variable, X, by 2 or2 D t- O, ,(E - 20)

3 "e.'
and a uorniahzed temperature, r, b:'

r (E - 21)

we can write Eq, (E-17) as follows.

T° ' -  = /-2E 22)

Here, we have defined the initial elctron beta by

-(V-23)

where ( - - is the Alfvwi speed in NIKS milt.s. (The defititionl of 13, used her,
diflers by a fuctor of 2 from the usual definition of beta. The presenut beta is half of Ihe
usual beta.)

The sotltiot to Eq. (E-22) call caven'CIliently be QX)l'osse(d i terS ol le-
depeadent electrwi beta, d,,(t), with T, replhcing 7,0 ill tbl7 deluitio (E-23). The re.ult

isi .',oj + . (13 24)
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We immediately see that there can be no apreciable electron Ohmic heating unless the
time t exceeds the time scale, to, where

to=3 0.o 2  (E -25)

2

As an example, consider C = 102 cm, 1 eV electrons (D' 10" £!s ), and an initial electron
beta of 1%. Then to - 10' sec. (If e = 10 cm, then 0 = 10- 7 sec.)

Let, us suppose that the t.ransit time through the nozzle is of order to or longer. Then
w( can neglect the "1" in (E-24), and can estimate the electron beta from

ge-/3o5t D(2 5 5t 0 3/2D 2 /5  ( 6

But note that (/ Teo 3/2 coulst.(A-2)o C, (E - 27)
AeO

Thus, the electron temperature cancels out, and we conclude that the electron beta
achieved by Ohmic heating is practically independent of the initnia elctron temperature.

Now let us define an "Alfv61k temperature" TA by

?'CA' - TA. (E - 28)

(Since the ion beta is of order unity by the arguments in Appendix D, we expect that
TA T 7',.) Then E~q. (E-27) becomes

f3t,; 2D -DA> (E -29)

wlere I)A is t he resistive diffusivity evaluated by replacing the electron teniperature with
the Alfvti temperature.

Now, eqttation (E-26) reads

2/3

, (E-30)

for .o. Because t he Alelll temperature is 1n1-m lt-ger than tile ililial or Oniatal
electron temlperature, we see that the effective resistive diffttsivity tihat heats U the
electro mnis is tllluch smaller thal we would have at first expected. It is tsseutilly t he resist ve

diifusivity ubtained by replaving the electron temperature with the iol tllipeiature (fov l
beta z 1), which is i'enhliscelit of theway things worked for the temperature equilibration
of eoltl electrons and ht ions. Iisofar its the ion beta is itleed of order Umity, we
cart conclde from (E-30) that the achieved electron beta will dept-mad only on the ion
tviltperaturev plusiia dilijelsioas, and, of couse, th elapsWd time.
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We now calculate some examples for /3, and set t = t, := e/vi, on the order of
the transit. time through the nozzle when the in heta is of order unity. As a wnrkinig
example, we shall take t - 102 cr. For the length, e, we shall use the radial thickness
of the annular magnetic nozzle e = A, so that. Be drops off significantly in the radial
direction. This procedure assumes that appreciable axial as well as radial current flows in
the plasma. If this is not the case, then the result below for 13, must be multiplied by a
factor of (A2 /e) 2 /5 = A -4 /5 , where A ii the aspect ratio of the nozzle.

Then, Eq. (E-30) becomes

j = - - 2'v

Since, in cgs units, e. = A 2 numerically in the chosen example, we have (numerically),

C9,a

which reduces further (for TA= T, D -' A ( 11 , and vi(-) :Z 1.3 X100T. 2 (eV))

to
2/5 O

(5 lO 10 3.0..

Then we have the following practical estimates.

T= 10 el' 3" 0.48, e(actual) 0.96

7=l V00 C 0.075, ,(actlal)= 0.I

Thus, we conclude, just as for tile earlier ecgnipartition study, tlhit the final electron beta
obtained by resistive heating depends sensitivity ol the ion temperature. (If ji, (actual)
is close to ullity, it nitealls that T, is close to 7,.) Colder ions sigify slower flow speeds
(because j,, - 1 ), and longer tilies available for Ohiic heating of the electrons. If the
current density distribution is siutch that the fiwtor A 4I5 is necessary, then it must 64
concluded that for A . 10, resistive Ilteating. of tlie elOrtons will be minir.

We uay snumlalize tile qualitative resuits of Appelhfix Xl Iky staling that I1,l rati. .4
eluil)ta.itit, wt Ohmic dtssi pation are not as a rapid as one woold hIve silppose(l bused
on the high Coulomb Collisiollity of cold electroms. Instead, thtese rafes depend critioally
/ t ite. q laritioll and Ohmic lissipat it'l shoulIt colnstitute elkective

elect ron heating lnuuismns in amitimuthul mnuglet ic noles M1Il1) thrusters) wien the
. flow velocities (Afve speeds) corrspond Ito a lIwer ratnge of ergie'i (. I'10 e'i"), illt ito -

wheln tile flow velocities are ill a irttge of higher eltergies (- lilt0) A|). Moreover. if h
Cutrrelit is mostly radiaL one SUs.plts that rtsistiveheatitl of elect rol's Ialwys a small

.. : . " d. •"• /• 11 ". .. • .



APPENDIX F
THE EFFECT OF THERMAL FORCE TERMS IN OIM'S LAW

The particular dependence of the Coulomb scattering cross section on the relative
velocity of charged particles (before averaging over velocity), gives rise to a munber of
"extra" transport effects in a classical plasma.2 We have already taken these extra terms
into account in our discussion of thermal conduction in Chap. I. Here, we wish to examine
the effects of such terms in Ohm's law in relation to the problem of cross-field mass
transport.

The electron momentum equation divided by (ne) yields Ohm's law, in cgs units,

JxB__ P RT
E + ! x B × + + -- =,.h (F-1)

c nec ne ne

where RT is the thermal force term.2

I the case of un-magnetized electrons,

__ = -. 7 VTe (F - 2)
ne c-

When P,1 IVPc T IV7T, it is dear that such a terni can pliothice no significant new
ualitative effects beyond that already provided by the VP, tern. However, since it is on

the same order as the VP, term, the thermal force term must be included in a detailed
study of mass transport in any situation that. is influenced Iby the V11 term. Here, however,
we note that these two terms will have no hifluence at all onl "radial" mass transport in
the meridional magnetic nozzle, according to the arguments already expressed in Chap.
1. Moreover, in the azimuthal maguetic nozzle with tin-maguetized electrons, it call be
show thmat. both of these terms are small compard to the resistive l)ressure-drlvert eral

(for radial transport) in the ratio (3/3,) vs. (A=1 )(W/t1/ ), with (wo/me) , 1. The
conclusion is that the thermal force terms are generally unimportant when the electrons
are %ui-magnetized.

When the electrons are strongly maguetizeti, the thermal force terna imcones

0. I v (li- 3)

-i? st sudy uuiass trau. l#1rt, we iossed Oh11's law wit I'I and mullilhied throuh hy (('/Ira)

Then we exmnined the "radial" componenit. (llere, we also must mlmitiply through by (4)..
as iiitVhat 1.). The termis Oil JhL rhs of Eq. (I-) th.|e |0iteouw

I), P.iI)j., .~l

A -41r- + ' + +. ))
. Jr ie at' YW ir

When D" (C/41)q.
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In the case of the meridional nozzle, only the first and last terms survive, and the
ln t. ferm is the therm-ial force. These two terms can be respectively showni to b1- iii the
ratio 1 (i3/i), where 0 = 13, + [9k. 'Thus, again no new qualitative effects are introduced
by the thermal force, provided that. the ion beta is of the same order of magnitude as the
total beta. Neverflieless, it is interesting that the thermal force term is on the same order
as the resistive pressure driven term when the electrons are magnetized. The thermal force
therefore must be included in any detailed transport study of a specified meridional nozzle
design when the electrons are magnetized.

In the case of the azimuthal magnetic nozzle, we have already seen that the Hall
term, J,., dominates the resistive pressure-driven term when the electrons are magnetized.
Comparing the Hall term to the thermal force term, we easily find that they are in the
ratio 1/(=e/vi)- _ (w,,/vi) > 1. Thus, when the electrons are imaagnetized, the thermal
force terni is much smaller than the Hall term and can be neglected in the study of radial
mass transport in the azimuthal magnt tic nozzle.

Here, we have considered only the extremes of un-magnetized electrons and strongly
magnetized electrons. The exact situation where the degree of magnetization is arbitrary
is very complicated, but all the formulas for R T are known 2 and available for use in a
study of radial mass transpot.

. - . .hi



LIST OF SYMBOLS AND DEFINITIONS
IN ORDER OF OCCURRENCE BEGINNING WITH CHAP. I

Symbol Definition

T plasmia temperature
B magnetic field
p plasmia pressuire
u ion-electron mnmber density

/3oPB)m, = (8irP/B2). 0 ,
A0 47r x 10- 7 henries/meter (MIKS)

n. electron number deosity
ni ion number density
A D ~ Dehkye length: (7'/41rnc 2 )1'2 ill cgS units

e electron chairge (4.8 x 10-10 esu or
1.6 x 1019 ('011loiubs)

WPC~~i electrou (ion) plasma frequtency: (4i t' /
ill cgs unlits

We, electronl (i00 mass
A An/(e//T) or \,,i(DIe Broglie wavelength),

wheire the latter is vised for T' > 50 eV.
Hhydrogenla owuil symbol,

II iiegat ive lydirogenl ionk symbol
TV1  eect-rn~iot diswcc withiia whtich

clectrou orbit is sigiicatly dellected'
by ion difirge: (0.,7)

C'oulomnb scattering crs et tn(ffcie
lor V1111ludat le smal-migh.ca r1i~
ofrI electroti leadiog to10dtlcin

*viectroi v~u't~o4rns ohlisioll fivitteljey

fi~l clei, rolsa f erit~yit3I VthVI'

Voelectrol (Imn). tlwinul veloeilp: 1 raj/

flgIlekttial hy t 'cit aitoiimnne 111d1eaoity

To11114 ste limat oll feuelr&V of like

Vluk%; con-,'tam



___ho Definition

Ve H electron-a-tom collision frequen cy
L characteristic macroscopic length scale
V characteristic fluid velocity
A collisional -nean-free path

Vyh thermal velocity
D diflrusivity: XIh
V collision fre(Itiency

r, z cylindrical coordlinates
ree~jelectron (ion) gyra-radius: Ve,j /Wc(.,j

electron (ion) gyro-frequency (cyclotron frequency):

c velocity of light in vacuum: 3 x 1010 a/.
D diffrusivity: ?-2

ionl-ionl Coudlmb) collision frequency
J electric current, delnsity

piastia resistivity
I~t * lectronl ion) press1ure
E electric ficeld

r 1a1lit Vector ill 1t, "eradialt" dirwctioui
1. "Ituit Vector ill tile radial direetiowa

0 aillatttl~ witile Coordhite
Cha~racter'istic t r tnverse (1longitildilla) dimnsioni
azoiilt t *iiputielt of' 1lid (plosilua) velocity

VA, S Alfi (O-wiid) spitedO (fl'/4Yri&,p. or (,yP/p) 1/2

drattfecfie IlM wstw ly Wkti e k w~ll Ytia -. 34

Be wIIddi~OVi ffudjs~iiujv~t

m~~i4 l t(.diai U'laitgo (2)1) 4
14 1111lIIt Veiy xidivify of trlaxyua 4,0

vy~~~~ drt1.1'wi



Symbol Definition

tell characterstic time for longitudinal electron
thermal conduction

De thermal diffusivity for parallel electron thernal.
conduction

longitudinal (axial) transit time:

r radial component of fluid (plasma) velocity
Br,z radial (axial) component of magnetic field
JOr,,, azimuthal (radial, azial) component of

current density

EY,9 componerts of electric field
axial thickness of sample of resistive metal

t emp transient time for approach to asymptotic velocity
tA radial Alfven time

R71 }  magnetic Reynolds number defined using the Alven
speed

Fz applied axial force (per unit are,) acting
upon sample of resistive metal

BO cartesian analog of radial component of magnetic
field

V11  component of fluid (plasma) velocity )arallel to

radius of curvature of magnetic field line in
region of nozzle exit

At,0 area of nozzle exit (throat)
4V cartesian analog of azimuthal comlupoiiet of current

density
00o value of 3 in nozzle throat
M rate of fuel ttass loss from vehicle
A,, resistive skin depth correspondig to time t,
ap charact-: istic radius of plasma
tD characteristic time for diffusioa across a

characteristic radial dimension
v leynohls tltilliber associated With diffusivity D

HL lateral heat loss rate
pt-, Pkinetic power in nozzle throat
P kinetic power ill Inozle exit
0I? ithtid (plasmai) velocity il 11ozzle throat

C (o speed of Sotlld ill iozzIr t hroat
I(0) plaslil temaperuture on Celiterhime

il hiozzle t1roat
K ll, , e, i l j)la nl t hermald -owhdctivit ies (along and

al-'g9sU) ald als for electronls (ioils)



Symbol Definition

qqeat filxes
b unit vector along I
11. fluid velocity of electrons relative to ions:

DiL, D e-'  thermal diffusivity along (across) B
and also fot electrons (ions)

DBohm Bohmn diffusivity: 0.2(cT/eB)cq,
a"(I + TI ,) 2 I 2

parameter in connection with Bohm transport
RBohm Reynolds number based upon DBohm

g equivalent gravitational force
r growth rate for Rayleigh-Taylor instability
Q inverse scale length of unstably stratified medium
A, radial scale length of unstably stratified medium

tB.C., eB.C. transit time and longitudinal length
scale of "bad curvature" entrance
region of nozzle

6V, 6p,... perturbations of velocity, mass density,..,
associated with the Rayleigh Taylor instability

KW wave ntumber and complex frequency of the
Rayleigh-Taylor instability

* normal boundary displacement due to the
Rayleigh-Taylor instability

P0PO,,.. unlperturbed pressure, mass density, .., profiles
Subject to the Rayleigh-Ttylor instability
compressional connulmUication speed across the
I agnetic field direction

DRT quivalent diffusivity due to the Rayleigh-Taylor
• Jhust-IAM!iy

1oZzle radius in the region of "bad curvature"
R ,. ,ld-line radius of curvature in "bad curvature"

r'egtoai

quasilittear heat flux induced by Rayleigh-Taylor
inst ability
radial spa'e-Charge elechic field ill the plaskila sheath
1dIlslua sheath poteltial drop

plasma shea!th thickness
Ij guiding venter drift velocity in t lie plasma sheath

wave i11tilber lor tute utodes imduced by the:
lKelvin-tlellholt?, iust abilkty

I' growth t't, of lhe ldvIh-I1ou0holt, instability
D# 1simuhlat ion result for 11ol11 diflusiou hiduced by tile

--- I :K viiu- llehmlholtz iamstaldility
--- 11.5



Symbol Defition

fmasa ioss mass loss fraction due to radial transport during
axial transit of the nozzle

q~~m' heat flux due to Bohmn transport induced by the

Kelvin-llelhholtz instability
LRo,,, LPlanck Rosselancd and Planck optical absorption lengths

Pbrem brenisstrahlug power per unit volume
Prad radiation surface power density on the wall

r characteristic radial distance to the wall

tbrem characteristic time for energy loss due to
bremsstrahlung

Tedge surface temperature of optically thick plasma
TH surface temperature of hot side of wall next to

plasma
TC surface temperature of side of wall away from

plasma
csB Stefan-Boltzmann constant for surface radiation

qw power flum through wall bounding optically thick
plasla

KW, thermal conductivity of wall bounding optically
thick plasa

a thickness of wall bounding optically
thick plasma

tb characteristic time for energy loss due to surface
(Black Body) radiation

IU stream. function for mass flx
'4' tlstream funtion for magnetic flux
i " i dl/dU

Do, V,Po.., values of magnetic field, velocity, density ...
i the throat of the nozzle (Quasi I D)

ra speed of sound in the throat
"( U ett lpyl S(U) euntropy

Li"B in Chap. II only: (Boi)A1m's

t i•it t.migeit vector along It
i' unit niorllu vector perpeuldicular to Bi

Sdistance measured aloug streanilities
CK -Curvature of a strealllhic,

4', i streauit ftutiou and velocity potential for the
" q11a.4i. 11) case

s r . ill the (1 uasi-I) case
arifiial dallig voellicieit foir solving the
tjusi-11) IM D tsitg art iticud time

" --: - ...- "1 16



Symbol Definition

rI(z) radius of the plasma-field interface

O() nozzle opening half-angle vs. distance along
nozzle wall

r,(Ct, zw(e) radial and axial coordinates of nozzle
wall s. distance along wall

UO(4, x) quasi I-D solution for the mass flux
Ui(0, X), Bi(4, x) basis functions for representing the general 2D

solution
ao, bt coefficients of the expansion of the solution in:

basis functions

coefficient in the non-uniform pressure profile in
the throat: Po = const. x (1 + EU)

the "cusp" speed: ' SCA(C±' A

ot a dimensionless measure of magnetic field
strength: q'(U) f

6(z) radial width of the vacuum field region in a
sharply hounded plasna profile where

.. : *C-z) < ,r,,(z)
P,(z) plasma pressure at. the plasma-field interface

m,, ilthe magnetic flux that "stuffs" the
nozzle in the sharp-boundary profile

B0 mx the corresponding value of magnetic
field strength in the nozzle throat

'ro the nozzle radius at, the throat
M the nutmber of mesh points in each dimension

the (normalized) time needed to reach
a state of steady flow in the
initial value approach, in units
of a characterstic physical time

AO azinmtlhal comlponent of the
magnetic vector lotetiad

Dis viscous diflusivity (kinenmatic viscosity)
Aii malliii-frtete path for ion-ion Coulomb

Collisions

iil ion-iou Coulomb collision freqitency
a in the leridiotl nozzle: V'-1 = (%BAI

V,,d, BM meridional components of fluid velocity
aMd nIagnetic field
fluid vorticity

T thrust
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Symbol Definition

exit velocity of plasma
CSR, PR,... speed of sound, pressure ... in the reservoir

P power in the exhaust
fast. magneto-sonic speed: (CI + CI)1/2

radius of reservoir (i.e. at breech of
coaxial gun or azimuthal nozzle)

AV velocity increment of vehicle
velp exhaust velocity in pulsed system
ki t total mass of vehicle after eth pulse

Af Minitial (final) mass of vehicle
T, reservoir temperature in steady (pulsed) system
Ves exhaust velocity in steady system
To n the "ou" time of a pulse

r = Ton + Toff the total time for a pulse

the instantaneous futel mass flow rate in

a steady (pulsed) system
(At)s"P nominal burn time for a steady (pulsed) system

V nominal rate for equilibration of electron
and ion temperatures in the azimuthal nozzle

Teo, Tio initial temperatures prior to equilibration
q1  effective equipartition rate

TA Alfv~n temperature: niC(,,2

D,4a  resistive diffusivity evaluated using the
Alfven tenperature instead of the electron
teuperature

t time variable
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Fig. 20. Contours of constant Machi number (with =1.4) for un-magnetized flow through JPL
nozzle.
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